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NPEANCIIOBUE

Teopus ¢pynkiuii komrmiekcHoro nepemerroro TOKII gonura no Hammx qHen
MOYTH B TOM BHJIE, B KOTOPOM OCTaBHJI HaM €€ CO3JIaTeNib BENUKUN (DpaHITy3CKUit
marematuk Orrocte Kommm (1789-1857 rr.).

CBsi3HOCTh (YHKIIM HAa KOMIUIEKCHOM TUIOCKOCTH HauOoliee aJeKBaTHO
OTpakaeT Ty CBS3HOCTh, KOTOpasi CYIIECTBYET B pealbHbIX (PU3MUECKUX IpOoIeccax.
Metonst TOKII npuMeHsIOTCS BO BCeX 00JIACTSIX MAaTEeMAaTUYECKOTO €CTECTBO3HAHUS,
HauMHasg OT MakKpoOMHpa U KOHYass MHUKPOMHUpPOM. Anredpa KOMIUIEKCHBIX YHCEN
OTBEYACT KJIACCUYECKUM OIepauusM HajJ AeHCTBUTEIbHBIMM 4yuciamu. [lome
KOMILJIEKCHBIX YHCEJI MOJIYYEHO U3 MOJS JACHCTBUTENBHBIX YUCEN MPUCOCAMHEHUEM
JUIIb OJHOTO KOPHS KBaJpaTHOTO YPAaBHEHMs, HE HMEIOIIETO pEIICHUsS Ha
nercTBuTeNnbHON ocu. C TOYKM 3pEHHS COBPEMEHHOW aOCTPaKTHOW anreOphl mmosie
KOMIUICKCHBIX YHUCENl aireOpanveckd 3aMKHYTO, TO €CThb, pacCMaTpuBas KOPHU
MHOT'OWIEHOB, HEJIb351 MOJYYUTh HOBBIX YHCEI.

CBSI3HOCTh MPOCTPAHCTBA, AJEKBATHO OTPAXKAIOLIETO CBS3HOCTb PEATbHOTO
Mupa, TpeOyeT cO3JaHusl ammnapara KOMIUIEKCHOW MpPOCTPAHCTBEHHOW aireOphl C
3aKOHAMU J€MCTBUTENBHBIX M KOMIUIEKCHBIX YHCEN. DTa CBS3HOCTh ONpPEACIUT B
IIPOCTPAHCTBE TE€ I€OAEC3NYECKHUE JTUHUM, IBUIKEHHE 110 KOTOPBIM SIBJISIETCSI OJHUM M3
MaTEeMaTUYECKHUX yCIOBHM, IekKAIINX B OCHOBE TEOPUU IPABUTAIUU.

Opnako, Teopema ®dpobeHHyca OTPHUIAET BO3MOKHOCTH PACIIUPEHHS OIS
KOMILJIEKCHBIX YMCEJI ¢ KOMMYTaTUBHBIM 3aKOHOM YMHOXEHUS 3J€MEHTOB, TO €CTh
YMHOXEHHEM, Pe3yJIbTaT KOTOPOIO HE 3aBUCUT OT MEPECTAHOBKH COMHOXKHUTEIIEH.

Jlo HacTOAIIEro BPEMEHU CUUTAETCS HEBO3MOXXHBIM OOOOIICHHWE 4YHclia B
npoctpaHcTBO. CoBceM HemaBHO MaremaTuk JI. C. IIoHTpsirvH mucan, ‘“4To HUKaKuX
JPYTUX JIOTMUYECKUX BO3MOXKHOCTEH ISl MOCTPOCHMSI MPUEMIIEMBIX B MaTeMaTHKE
BEJIMYMH, QHAJIOTMYHBIX JIEUCTBUTEIBHBIM M KOMIUIEKCHBIM 4YHCJIaM, KpoMe
JIEMCTBUTENBHBIX U KOMIUIEKCHBIX, HE CYILIECTBYET ".

Kpome TOro, BHojiHE OYEBHMIIHO, YTO KpOME aireOpbl NEHCTBUTENBHBIX H
KOMIUIEKCHBIX YHCEN JPYTHX YUCIOBBIX aare0p He CYIIECTBYET.

Uccnenosarenn 3a 140 nmer mocie O. Komwn He cnpaBUIMCh C OCHOBHOM
npo0JIeMOl MaTEMATHKU — PACIIMPEHHs TOJsl yucen B N —MepHOe MPOCTPAHCTBO C
cOOJI0ZICHHEM 3aKOHOB ajireOpbl AeWCTBUTENBHBIX U KOMILIEKCHBIX 4ucel. [loatomy
HEOOXOJMMO HCCIIEeIOBaTh MPUYHHBI ,KOTOPHIE OCTAHOBHIIM XOJ[ €CTECTBEHHOTO
BHYTPEHHETO Pa3BUTHsI MATEMATUYECKOTO arlapara.

[TombITKa pacIMPUTH MOJIE KOMIUIEKCHBIX YUCE HATOJKHYJIACh Ha MOSBIICHUE
HOBBIX YHCEI- OOBEKTOB, CBOICTBO KOTOPBIX 1O HACTOSIIEr0 BpPEMEHU He
MOJIIABAIMCH HCCIEAOBAHUIO. DTH OOBEKTHI MONYYHIM HA3BAHWE NEIUTENEH HYJIS.
[Ipou3sBeneHne IByX 4KCENl pABHO HYJIIO, €CJIM OJJTHO U3 HUX PAaBHO HYJIIO, @ BTOPOE HE
paBHO HYyJII0. JTO TPUBHUANBHBIN pe3ynbTaT. [losBUIMCH HOBBIE YMCIa HE PAaBHBIC
HYJIIO, JAIOUIMEe B TMPOU3BEACHMM HyJb. VICKIIOYUTH NOSBICHUE OTUX YHCEI
BO3MOXKHO IIyTEM OTKa3a OT KOMMYTAaTHUBHOCTH YMHOXE€HHUsA. B pesynbrarte
HOSIBIJIUCH anreOpbl €O  CKAJNSPHBIM, BEKTOPHBIM, CIHUHOPHBIM U TEH30PHBIM
YMHOXEHHEM U T. 1. Bce 3TO TynUMKOBbIE BAPUAHTHI KaK MOKA3bIBAET KU3Hb, KOTOPHIE
MOCTETNIEHHO 0OpeUeHbI Ha BRIMUpaHue. KpoMe Toro oHu mpocTo ONIMOOYHBI.

B pesynbrare TOYKa B MPOCTPAHCTBE Ha OCHOBE 3TUX anreOp 3amaercs Kak
Habop 3HaueHuil koopauHaT. [Ipm sTOoM Tepsiercss cTpykTypa TOukd. J[laxe
KOMILIEKCHYIO TIockocTh O. Ko B HacTosimiee Bpemsi CBOAAT K 3a/1aHUI0 3HaYEHUN
JIBYX KOOpAMHAT Ha KOMIUIEKCHOM TUIOCKOCTU Z/(X,Y).
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[losiBnenue penuteneld HydAs MOpPU POCTE PA3MEPHOCTH MPOCTPAHCTBA
3aKOHOMEPHBIN pe3yJIbTaT, KOTOPhIM ciegoBan 3 teopun pynkmuit O. Kommu. Itn
OOBEKTHI CBS3aHBI C TMOHHUMAHHMEM CTPYKTYphl IUIOCKOCTH, 3aJaBaeMoOil anredpoit
koMmIuiekcHoro uyucna. O. Komm mokaszan, 4YTo Ha IUIOCKOCTH HEO0OXOIHUMO
paccMaTpuBaTh TOUKY C €€ & -OKPECTHOCTBIO. DTOT pe3yJbTaT U JAOKEH ObLT OBITh
WCIIOJIb30BaH TMPHU MOCTPOCHUHM U TEPEX0JIe B TPEXMEPHOE MPOCTPAHCTBO, KOT/AA K
KOMIUIEKCHOH  IJIOCKOCTH HEOOXOIMMO BOCCTAaHOBUTH TakKKe€ KOMIUIEKCHYIO
IUIOCKOCTh, CBEPHYTYIO B & -IUIMHAP. Torna HOBbIE OOBEKTHI —ACTUTENH HYJ,
KOTOpbIE TIOAUYMHSIOTCA 3aKOHAM KJIACCHYECKOW anreOpbl, IOJYy4yaroT CBOE
MCTOJIKOBAaHUE KaK 4Hucjia C MOAYJEM pPaBHbIM KOPHIO U3 HYJ M M30JHMPOBAHHBIM
OCCKOHEYHBIM aprymMeHTOM. VIMeHHO, BCIEJACTBHME HAJIWYUS H30JIUPOBAHHOTO
HaIpaBJICHUS, 3aKIIOYEHHOTO B TPEThEM & -IIWJIMHIAPE KOPEHb W3 HyJIs B
MPOCTPAHCTBE VISl ATUX YMCEJI HE PAaBEH TOXKIAECTBEHHO HYyJr0. Ha neicTBUTENbHOM
OCHM M B KOMIUIEKCHON IUIOCKOCTH KOPEHb U3 HYJsl paBeH Hyl0. B TpexmepHoM
IPOCTPAHCTBE TMoyokeHHe MeHserca. (CpabaThiBaeT & -OKPECTHOCTh Hayama
KoopAuHaT. J[oka3aTeabCTBO OCHOBHOM TEOpEMBI anreOpbl HE OTPULIAET MOSBICHUE
HOBBIX OOBEKTOB, TaK KaK OHO MPOBEICHO 0e3 yueTa uX CBOMNCTB.

Ucknrouenue nenurteneid HyJs U3 PaCCMOTPEHHSI IPUBEIO K OTPAHUYCHUIO B
pacCIIMPEHHUH OS] KOMIUIEKCHBIX YMCeN U (PAKTUYECKH HCKIIOUUIIO U3 PACCMOTPEHUS
MaTE€MaTUYeCKOT0 €CTECTBO3HAHUS HM3YyYEHHE CTPYKTYphI MpocTpaHcTBa. W3yueHue
CTPYKTYpbl MPOCTPAHCTBA MOIUIO MO TYMHUKOBBIM BapHaHTaM anredp ¢ 3aKOHAMHU
orepanuii, He COOTBETCTBYIOIINX KIACCHYECKUM 3aKOHAM YHCET.

OCHOBHBIM  TIIpU3HAaKOM JleKapTOBBIX KOOpAMHAT U  BCEX JAPYIHX,
NPUMCHSEMBIX B HCCICAOBAHUAX (PU3NICCKUX TIPOIECCOB, SBISICTCS TO, YTO
KOOPJIMHATHBIE OCH MMEIOT HAa4yaJlo U3 OJHOW TOYKH M AK€ HE U3 €€ OKPECTHOCTH.
IIepeHoc cucTemMbl KOOpAMHAT U3 OAHOU TOYKHU B IPYTYIO, IOBOPOT OCEH KOOPAUHAT U
TaKk Jajiee, OIHUCHIBAETCS OKOJIO OnHOM Touku. IIpeoOpazoBanus [ amwmmes,
ONKCHIBAIOLIUE TME€PEX0J] OT OJHOM CHUCTEMbl KOOpPAMHAT K JIpYyroil cucreme,
JIBIDKYILIEMCS OTHOCHTEJIBHO IEPBOM PABHOMEPHO U MPSMOJMHEMHO OTHOCSTCS K
CHUCTEMaM, B KOTOPBIX KOOPJAUHATHBIE OCH UCXOMST U3 OJTHOM HYJIb MEPHOU TOUKH.

PaccrosiHne Mexay IByMsl TOYKaMH B I€KapTOBOW CHCTEME KOOPAMHAT JIaxKe
st N-mepHoro mpoctpaHcTBa (rae N-MepHOe MPOCTPAHCTBO OTOXKIECTBISIETCS C
KOJIMYECTBOM KOOPAMHATHBIX OCEH, TaKkKe UCXOISAIINX U3 OJTHOM TOYKH) OMPEEIICHO
KOpPHEM KBaJpaTHbIM M3 CYMMbl KBaJpaTOB PA3HOCTEH MEXAY 3THUMH TOYKaMHU IO
KOOPAMHATHBIM OCsIM. OTa ¢opMmylia IUIAYKTHUBHO IEpEeHECeHa U3 TPEXMEPHOTO
MPOCTPAHCTBA U TAKXKE OMMUOOYHA.

I'. 'enpMrosbI mokasan, yTo reoMetrpus EBKIWa OCHOBBIBAETCS Ha rpyImIe

JIBUKEHUM TBEPIOro Teja ,KOI/a BEIMYMHA ds? =ZdXi2 OCTaeTcsi HEM3MEHHOMU
i=1
IPU BCEX BPALICHUS TBEPIOH cCUCTEMBI OKOJIO ToukH dX | =0.

OpHako 3Ty BEIMYMHY HEIb3d BBIBECTM B IPOCTPAHCTBE JIeKapTOBBIX
KOOpAMHAT BBUAY TOIO, YTO E€JUHUYHBIE OPTHl HE SIBISIFOTCS 4MciaamMu (IpaBuia
anreOpanyeckux ONepanuii ¢ HUMU HE COOTBETCTBYIOT 3aKOHaM aireOpbl HaJ
JNEHCTBUTENBHBIMU 4MciaMu ). B pe3ynbraTe BEKTOPHOE MPOCTPAHCTBO C 3aJaHUEM
TOYKM Kak HaOoOp 3HaueHW KoopauHat (X,Y,Z) HE SBISETCS YHCIOBBIM

MMPOCTPAHCTBOM
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B atom mnpoctpanctBe ¢yukimu f(X,Y,Z) ompeneneHsl HE 4YHCIOM, a

HA0OpOM YHCEN M0 OCSM KOOPAMHAT M (PaKTHUECKH SIBISIOTCS (QYHKIHMSIMHU TpeX
NEPEMEHHBIX.

B xommiexcHoM miockoctd O. Komnmm kaknast TOUka Ha INIOCKOCTH 3aaeTcCs
YHUCIIOM Z = X +1Y , a QyHKIHMs ecTh QYHKIMS OT OAHOM niepeMenHoit f(2).

D10 cBOWCTBO Yuncna yTepstHO B COBPEMEHHOM MAaTeMaTHYECKOM ammnapare
TEOPETUYECKON (PU3UKH.

PaccrosiHne mexnay AByms TOYkamMu B N-MEpPHOM IMPOCTPAHCTBE 3TO KOPEHb
N-cTenenu U3 MHOTOYJIEHA, MPEACTABISAIONIET0 CYMMY MPOU3BEACHUI KOOpPAUHAT B
KoMOWHanusax naromux N-cteneHb. CHcTeMa JIMHEWHBIX YpaBHEHHH, MpUMEHsIeMas
npu npeoOpa3oBaHUM OAHOM CHCTEMBbI KOOPIUHAT B APYTYIO TOH K€ pa3MEpPHOCTHU C
TEMU KE€ 3aKOHaMU airedpbl (KOMMYTaTHBHOIO WJIM  HEKOMMYTATHBHOIO
YMHOXEHHUS), UMEET ONpPEIeUTENh KaKk CyMMY MPOU3BEACHUN KOOpPAMHAT, CTEIEHb
KOTOPOM OTBEYAET pPa3MEPHOCTH MPOCTpPAaHCTBA. B KOMIUIEKCHOM TIJIOCKOCTH M
KOMIUIEKCHOM IPOCTPAHCTBE ONPEEIUTENb CUCTEMbI PABEH MOJYJII0 KOMILIEKCHOTO
yyciaa BO3BEACHHOIO I IUIOCKOCTM B KBaJApar, Uil NMPOCTPAHCTBA B CTEIEHb
paccMaTtpuBaeMoro npeoOpasoBanus. s YeTbIpeXMEPHOTO MPOCTPAHCTBA UHTEPBAI
PaBEH KOPHIO YETBEPTOM CTENEHU M3 CYMMBI IIPOU3BEICHUN KOOPJAMHAT, JAIOLIUX B
KOMOWHAIIMA YETBEPTYIO CTENEHb. B CBS3M C ATHUM HHUKAKUMU METPUYCCKUMHU
TEH30paMU HEJb3sl OTKOPPEKTHPOBATh MHTEPBAJ MPHUHATHINA B opMe NeAyKTUBHOTO
NepeHoca €ero  BbIpAXEHUS KaK KOpHA  KBaJpaTHOTO U3  MHOTOWIEHA,
MPEJICTaBIISIIOIIET0 CyMMY KBaJpaTOB KOMOMHAIIMHN KOOPIMHAT.

NurepBam MUHKOBCKOTO €CTh YaCTHBIN Clly4ail KBaJgpaTa pacCTOSHUS MEXIY
JIBYMsI TOYKaMH B 4-MEPHOM MPOCTPAHCTBE —BPEMEHU. DTOT YaCTHBIN Clly4all cOBIa
CO CKaJISIPHBIM MPOU3BEICHUEM OJHOMMEHHBIX KOOPAMHAT 32 BBIUETOM KOOPAMHATHI
no BpeMeHHu. [lepeHoc 3Toi GhopMbl MHTEpBaAIA KaK 00O0OIIEHHE NJIsi pacCMOTPEHUS
WHTEpBaJia B HCMHEPIIUAIBHBIX CUCTEMaX OTCUYETA SBIISIETCS OIIUOKOM.

Cuwnraerca, 4ro Benukud  JIOpeHI, OTKpPhIB CBOM  3HAMEHUTHIE
npeoOpa3oBaHus, MOJHOCTHIO HE OCO3HAJ MX 3HAYCHHUSA. DTO CACNAIN Pa3IHYHBIMU
nyTamu [lyankape u DUHIITEHH.

C mno3ulMii KOMIUIEKCHOTO MPOCTPAHCTBA CTAHOBUTCA OYEBUAHBIM, YTO
JlopeHny octaBui CBOM NpeoOpa3oBaHUS B KOOPJIMHATHOM BBIPAXKEHUU TOJIBKO
MOTOMY, YTO HE HaIlle He0OX0IMMOT0 MaTEeMaTHIECKOTO arapara.

Cnenom 3a HuMm Ilyankape u MMHKOBCKMI OTKpbUIM HAaM TE€OMETPUIO
MIPOCTPAHCTBA- BPEMEHH, 4 UMEHHO TaK HAa3bIBAEMYIO ICEBAOEBKINAOBY I'€OMETPHIO
yepe3 MHTEPBaJ, MOTYUYEHHBIN U3 mpeoOpa3zoBanuii Jlopenna. ['eomerpus Ha3zbiBaeTcs
MICEBIOEBKINIOBOM, TaK KaK KBaJpaT BPEMEHHOI0 napamerpa B (opMyJie pacCTOSHUM
MEXJy JABYMS TOYKAMHM BXOJUT B (OpMyJy CO 3HAKOM MHUHYC. Takum o0Opazowm,
BMECTO TOro, 4TOObI pa3paboTaTh MaTeMaTHUECKUH amnmapaT ¢ 3aKoHaMHU
KJIACCUYECKOW  anreOpbl, KOTOPBIM  OJHOBPEMEHHO COOTBETCTBOBaI OBl U
npeoOpaszoBanuto JlopeHa u U3 KOTOPOro MHTEpBal MHHKOBCKOTO BBITEKA ObI Kak
YaCTHBIA  CIIy4ald  peajbHOTO  (PU3UYECKOTO PACCTOSHHS MEXKAYy  TOYKAMH,
UCCJIEA0BATEeNM MOLUUIM MO IMyTH MOATOHKM MOJ 3TOT HMHTEPBAT KOOPAMHATHBIX
CUCTEM, BBEJICHUEM METPUUYECKUX TEH30POB.

CylIiecTBEHHBIM Ha TMEpBbIM IJJaH BBIIUIO CBOWCTBO WHBApPUAHTHOCTHU
npeoOpa3oBaHuil NpU MEpPexoAe OT OAHMX KoopAuHAaT K Jpyrum. llpu stom
WHBAPUAHTHOCTH ,KAK CBOWCTBO , CTAHOBUTCSI HEKOPPEKTHBIM K MHTEPBAIIY , KOTOPBIN
HE COOTBETCTBYET pealbHOMY IPOCTPAHCTBY M HE MOXKET OBITh BBIBEICH  Kak
paccTosiHue MEXAy JByMS TOUYKaMH B MPOCTPAHCTBE TOYEK , 3aJlaHHBIX KaKk HaOop
3HaueHu KoopauHaT. CBOWCTBO MHBAPUAHTHOCTH SIBJISIETCS CYIIECTBEHHBIM TOJIBKO
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B 4MCIOBOM mpocTtpaHcTBe. [IpeobpazoBanue JlopeHna 1ai0Tcsi B TOKOOPAUHATHOM
Bune. I[lpm sTomM mpocTpaHCTBO MEUHKOBCKOTO TaKXKe HE SBIISIETCS YHMCIIOBBIM
IIPOCTPAHCTBOM.

[Io3TOMy WHBapUAaHTHOCTb TAKXE HE COOTBETCTBYET JECHCTBUTEIBHOMY
peasbHOMY NIPOCTPAHCTBY.

[Ipu aTomM camoe cymectBenHoe u3 teopun O. Komm m mpeoOpazoBaHuit
JlopeHua ObUIO MOTEpsSHO, DTOro He MOHsT HU MunkoBckuid, HM [lyankape, Hu
OiHmTeH. BuauMo 3To CyIECTBEHHOE, YTO MOABISETCS C POCTOM Pa3MEPHOCTH
IIPOCTPAHCTBA, @ UMEHHO OTKAa3 OT OJHOM MCXOJHOM TOUKH B Hadaje KOOPIAMHATHBIX
oceil moHnMan JIOpeHI U YTO 1O HACTOSLIEr0 BPEMEHU HE MOHHMMAET Jake Halll
coBpeMeHHUK A. A. JloryHoB. OpHako HOIb TakKe HeUcuepmaeMm, Kak U
0ECKOHEUHOCTb.

[IpeoOpazoBanust JlopeHna co Bcell OYEBUAHOCTHIO IMOKA3BIBAIOT, YTO
KOOpPJIMHATHBIE OCU NPOCTPAHCTBEHHBIE M BPEMEHHBIE HCXOIAT M3 PA3HBIX TOYEK
OKpEeCTHOCTM Hayana KoopauHar. He mnonssB sroro Ilyankape, MuHKOBCKUH,
OWHINTEWH BBIOPOCHIIM W3  HCCICJOBAHUH CaMyl0  CYIIECTBEHHYIO  4YacTh
MaTEMaTHUYECKOI0 amnmnapara, KOTopas OTBEYAaeT 3a IOJIEBYIO CTPYKTYpY MAaTEpHUH.
Arnmnapar, obnafaromuii MOIyJeM HE PaBHBIM HYJIO OCTajicCs, a Ta 4acTh KOTopas
OTBEYAET 3a TOJIEBYI0 MAaTEpHIO, M pa3jOkKeHa IO OCsAM KOOpIMHAT, 00pasys
KPYTSIIME MOMEHTHI Obljla BHIOpOLIEHA B MCXOJHOM COCTOSIHUM MCCIeIOBaHUM. JTa
KOMILJIEKCHasi 0COOEHHOCTh NMPOCTPAHCTBA 00yCNaBIMBAET KPUBU3HY MPOCTPAHCTBA.
BcnencTere 3T0ro He y1anoch TEOPUIO JOBECTH A0 JOTMYECKOTrO KOHIIA.

Takum 00pa3oM, BBIOPOCHMB M3 PACCMOTPEHHS CaMyl0 CYIIECTBEHHYIO
OCOOCHHOCTh B KOOPJMHATHBIX CHUCTEMaX, KOTOpas M OOYyCIIaBIMBAET KPUBU3HY
MPOCTPAHCTBA, pa3padaTeiBatoTcs Teopuu rpaputanuu OTO A. DitHmreiina u PTT A.
JloryHoBa, OCHOBaHHBIE Ha UJEU KPUBU3HBI IPOCTPAHCTBA-BPEMEHH.

Ouznyeckue npeodpazoBanus  JlopeHma  TpeOoBamM — KOPPEKTHUPOBKU
IPOCTPAHCTBEHHO BPEMEHHBIX KoopAuHAT. OJIHAKO 3TOro HE MPOU30LUI0 U U3
ucclenoBaHusl ObUla BBIOpOIIEHAa caMas CYIIECTBEHHAs 4YacTh —MCCIEIOBaHUE
(GopMUPOBaHUS CTPYKTYPBI C POCTOM Pa3MEPHOCTH ITPOCTPAHCTBA.

OTO A. DiiHmTelHa SABISAETCS NMONBITKON CKOPPEKTUPOBATH ONEPALlMOHHBIE
KOOpAMHATHI TaK, YTOOBI OHU O0Jiee peabHO OTpaXxald (PU3NYECKOE MPOCTPAHCTBO U
He Oosee Toro. UTo kacaercs CTPYKTypbl MPOCTPAHCTBA CaMbIM CYIIECTBEHHBIM
BkiagoM B Hee OTO crnenyer cuuTarh yCTaHOBJIEHHE IMOANPOCTPAHCTBA CBETOBOTO
KoHyca. OJTHAaKO MPUMEHSIEMbI MaTeMaTHUYECKU amnmapaT MpUBeN K OMIHMOOYHBIM
BbIBOIaM .IlosipoOHO B padoTe.

CeueHne TpPEXMEPHOTO TMPOCTPAHCTBA IUIOCKOCTBIO, MPOXOIAUIEH uepe3
HA4aJi0o KOOpJMHAT, UMEET B ATOM Hayajie MIICUJIIOH OKpeCTHOCTh HyJisd. Ceuenue 4-x
MEPHOTO MPOCTPAHCTBA 3-X MEPHBIM [ae€T B Hayalle KOOpAUHAT cdepy HUICHIOH
pamuyca. Hammume 510l cdepsl u  00yclaBiIMBaeT MCKPUBJICHUE IUIOCKOTO
MPOCTPAHCTBEHHO-BPEMEHHOI'O KOHTHUHYyMa. JTa MOCJIEI0BATEIbHOCTh JTOTHYECKOTO
IIOCTPOCHHS YYHTHIBAaeT W TpeoOpazoBaHust JlopeHIIa W KOMIUIEKCHBIA ammapar
Komm. [IpocTpancTBO ¢ m1000i METPHUKOIA MCEBIOECBKIHIOBO.

Henw3s paccmarpuBaThb KOOpIMHATHBIE CHUCTEMbl KakK  aOCTpakTHOE
noctpoeHue. KoopauHaTHble CHCTEMBI C YBEJIMYEHUEM Pa3MEPHOCTU JIOJKHBI
aZIeKBaTHO OTpaXkaTb CTPYKTypy marepuu. MlHaue roBopsi, KOOpJAMHATHBIE CHCTEMBbI
YyHucell, NOMYHUHSIONIMECS KJIacCHYeCKUM 3akoHam anreopel, coxaepxkar KOJ|
(GopMUPOBaHUS MATEPUH U HE SIBJISIFOTCSI YEM TO aOCTPaKTHBIM 110 OTHOIIEHHUIO K HEH.
3aKOHBI KJIacCHUYECKOl anredpnl Ooliee aeKBATHO OTPaXKaloT (PU3HUECKHUE 3aKOHBI U
IPOIIECCHI YeM BCe (PH3UUECKUE TEOPHUH.
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[Moutn cto ner Teopernyeckas ¢u3znka paboTaeT B MPOCTPAHCTBAX, W3
KOTOPBIX BBIOPOILIEHBI CaMble CYILECTBEHHbIE OOBEKThI-AeNuTean Hyis. CBeTOBOMN
KOHYC TEOPUU OTHOCUTEIBHOCTH 3TO NOJAINPOCTPAHCTBO ACIUTENEH HYJIs, BETUYUHBI
KOTOPOro 00JaJaloT CBOMCTBaMU JeNUTENeH HyJIs: MOYJIb Y KOTOPBIX PABEH KOPHIO
U3 HYJIsl, @ apIYMEHT OIIPEEICH U30JMPOBAHHBIM HAIIPABICHUEM.

WMuTepBanm  TEOpUM  OTHOCUTENBHOCTM  MMHKOBCKOIO — IOKa3aj, 4TO
IIPOCTPAHCTBEHHbIE KOOPAUHATHBIE OCH IMOBEPHYTHl OTHOCUTEIBLHO BPEMEHHBIX Ha 90
IpagyCcoB M MMEIOT HA4ajJ0 B Pa3HbIX TOUYKAX Hayaja KoopauHat. lIpm paBeHcTBe
NPOCTPAHCTBEHHBIX M BPEMEHHBIX KOOPAMHAT O00pa3yercs MOIIpPOCTPAHCTBO
JEJIATENEH HyJI1 —alcKBaTHOE IOIIPOCTPAHCTBY CBETOBOIO KOHYCA.

Takum o0Opa3oM, Ui HUCCIEIOBaHHUS IMOJEBOW XapaKTEPHUCTUKU MAaTepuu
HEOOXOAMMO COONFOACHUS JABYX YCJIOBHM: KJIACCHYECKUX 3aKOHOB areOpbl YHCel, U
UCTIOJIb30BaHUE CUCTEMbI KOOPAMHAT C KOMIUIEKCHOW 0COOEHHOCTBIO B €€ Havase.

Teopernueckas (usuka momycTuia cpasy JBe OLIMOKH, BBEIS CKaISpHOE
YMHO)XEHHUE NPH BBIBOJE (POPMYJIBI HHTEpPBAIIA.

Onwumem, 4To AaeT KOMIUIEKCHAs IMPOCTPAaHCTBEHHas airedpa U CHUCTEMY
KOMIUIEKCHBIX IPOCTPAHCTBEHHBIX KOOPANHAT.

KomMmIiekcHass MmiIOCKOCTh ONpeAenseT TOYKy € & -OKpecTHocThlo. Hawaio
KOOpAMHAT HE SIBJISETCS TOUKOMW, a SABJISETCS & -OKPECTHOCTBIO HYJs. B cBsA3M ¢ 3TUM
TPEThbsl KOOpJAMHATHAs OCb HE SBJISAETCA JIMHUEH, a SBIACTCS LMIMHAPUYECKON
NOBEPXHOCTBIO paauyca & . [IoHATHE TOYKM M KOOpAWHATHBIX JIMHUN PACILIUPSIIOTCS
JI0 TIOHATHH ¢ —cdep U & -IUIuHApoB. Ecnu 1Be KoOpIuHATHBIE OCH MPEICTABIISIOT
LWIMHIPBl KOMIUIEKCHBIX TOYEK, TO TPETbs KOOpAMHATHAas OCh IPEACTABISAET
IWIMHAP C JABOWHBIMM CTEHKAaMH, MEXJIy KOTOPBIMHM PaCIOJIOKEHbI LUJIMHIPSI,
IPEIbIIyINeN pa3MEPHOCTH. B 3TOM KOMIUIEKCHOM IPOCTPAHCTBE MOIYJIb KOMILIEKCA
paBeH UHTEpBAly TEOPUM OTHOCUTEIBHOCTH MUHKOBCKOIO, BBIBEJACHHBIN U3
npeoOpa3oBanuii JIopeHia.

Takum o00pa3oM, HHTEpBal TEOPHUM OTHOCUTEIBHOCTH BO3HUKAET U
NIOJy4YaeTcsl €CTECTBEHHBIM 00pa3oM depe3 COONIOJIEHHE 3aKOHOB KJIAcCHYECKOH
anreOpbl U MPaBUJIBHOTO IOCTPOCHUS CUCTEMbI KOOpAWHAT. B Takom mpocTpaHcTBe
HET JMHMM KaK TakKOBBIX, a €CTb CIMpPaJd HAaMOTAHHBIE HA & -IMJIUHAPBHL C
IIEPEMEHHON 4aCTOTOM BHUTKA. BBUIY MalOCTH &- 3TH CHUPAIA BOCIPUHHUMAKOTCS
KaKk JUMHUM. B IUIOCKOCTM JBYX KOOPAMHATHBIX LWJIMHAPOB TOYKA CTAHOBUTCS
00beMHBIM O0O0BEKTOM —C(epoii TPOKOJOTOM H30JUPOBAHHBIMHU HAIPABICHHUSIMHU.
[IpocTpaHcTBO, 3aKIIOYEHHOE BHYTPU 3TUX LWJIMHAPOB MPUHAIIEKUT IPOCTPAHCTBY
apyroro uzMepeHus. OyHKIMs ONPEJCIICHHAs B TAKOM IIPOCTPAHCTBE COOTBETCTBYET
($u3nUecKoil TPaKTOBKE CYTEPIIO3UIIIH BOJIH.

B Tteopernueckoil (¢usznke QuU3MUECKOe IMOJE OMMUCHIBAECTCS OAHO- WIH
MHOTOKOMIIOHEHTHOM (yHKIMEH KOOpJMHAT M BPEMEHH, Ha3blBaeMoW (yHKIUEH
nojis. B kauecTBe mepeMeHHBIX OepyTcCsi BEIMYMHBI, KOTOpPbIE MOAYMHEHBI 3aKOHAM
CKaJIIPHOM, CIIMHOPHOM, BEKTOPHOM U TEH30PHOM anreop.

K mnoneBeIM mnepeMeHHbIM TeopeTudeckas (usuka no0aBuiia METpUYECKHUN
TEH30p TMPOCTPAHCTBA —BpeMeHU. Teopernyeckass (u3MKa OOBSICHAET 3TO
OIpENICIIEHNEM E€CTECTBEHHOM reoMeTpun (pu3nyeckoro mnoijisi U BbIOOPOM TOHM HiIn
UHON CUCTeMbI KoopauHar. Takum oOpa3oM, COBEPIIMB OIIMOKHM B CaMOM Hadyale
WCCIICIOBAHNM, JEJIaeTCsl IOINBITKA MX HCIPABICHUSA C IIOMOINBIO ONEpalui, HE
COOTBETCTBYIOIIMX YMUCIIOBBIM onepauusM. He reomeTpust npocTpaHcTBa—BpEMEHH B
JAHHOM Cllydae IIpM TAaKOM IOPSAKE HCCIENOBaHUM ONpEeAeIseT HHTEpBAN, a
MHTEPBAJl 4Y€pEe3 HCKYCCTBEHHO BBEJEHHBIE TEH30PHBIC BEJINYMHBI OINpPEACIAET
TEOMETPHUIO IPOCTPAHCTBA-BPpEMEHU. B 3TOM mMopsiike MOTEpSIHO caMoO€ TIJIaBHOE—
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BO3MOYKHOCTb MCCJIEIOBaTh CTPYKTYPUPOBAHME IPOCTPAHCTBA C POCTOM €r0
pasMmepHocTH. ['eoMeTpust HODKHA YETKO ONPENeisTh KAaK KOOPAWUHATBI OIHOTO
U3MEPEHUS BIUCBHIBAIOTCS B KOOPIHMHATHI APYTOro M3MEpPEHHs, KaKylo (H3UYECKYIO
Harpy3Ky HECET OJIHO U3MEPEHHUE OTHOCUTEIIBHO IPYTOro.

Jly1st moKucKa eCTECTBEHHON T€OMETPUU UCIIOJIB3YIOTCS ypaBHEHUs [ aMmiIbTOHA
- SIxo0u, doxa,

[lIpenunrepa. VYcnoBus, KOTOpbIE IMOJNYy4alOT W3 JTUX YPaBHEHUH,
HaKJIaJbIBAlOT HA METPUYECKUN TEH30p M TEM CaMbIM YTBEPXKJAIOT, YTO IOJydYeHa
ecTecTBeHHass reomerpus. OQHAKO 3TO TOXKE MOPOYHBIM KpYr, YCIOBHUS IOJKHBI
BBITEKATh U3 UHTErPAJIbHBIX TeOpeM N-MEpHOIro NpOCTPaHCTBA, HANO100Ue YCIOBUAM
Kommu-Pumana B miockocT.

OpgauM M3  caMblX NPUHUUIMAIBHBIX MOMEHTOB DPACIIUPEHHS  I1OJIA
KoMIUIeKCHbIX ymucen O. Komm sBiIseTcs OTCYTCTBHE BBEIECHMS JOMOIHUTEIbHBIX
aKCHOM, TUIIOTE3 U T.JI.

Bce onepamnmu COOTBETCTBYIOT 3aKOHAM OIEpAalMi  C JEHCTBUTEIBHBIMH U
KOMIUIEKCHBIMU 4HciaMu B cMbiciie O. Kommn.

B PTI' A. JloryHOB IpOBOAMT MBICIb, YTO MaTEeMaTHMUECKUH amnmapar s
UCCIICIOBAaHMsl MIPOLIECCOB MUKPOMHpA W TPABUTALMM JOJKEH OBITh MPOBEPEH Ha
COOTBETCTBUE C DKCIIEPUMEHTAIBHBIMU MCCIICIOBAHUAMU HA IIPEIMET COOTBETCTBUS
CTPYKTYpbl MaT€MaTH4YECKOrOo IPOCTPAHCTBA (ONMEPALMOHHOIO) U  CTPYKTYpPbI
BBISIBJICHHOH B IIPOLIECCE JKCIIEPUMEHTAIBHBIX UCCIIEJOBAHUN.

B npunHmune Takoil jke mo3unuu mpuuepxkuBaics [eizenbepr, korma
YTBEPXKAAJI, 4YTO 3apsll XapaKTepU3yeTCs CHUHIYJSPHOCTBIO B  IIPOCTPAHCTBE
MOMEHTOB.

Hamo mnomyepkHyTh, YTO MOMEHT MOMKET BO3HMKHYTb IIPU YCIIOBUH
IIPWIOKEHUS CHJ K Pa3sHbIM TOYKaM IIPOCTPAHCTBA, HE MMEIOILIMM IIEPECCUCHUS B
OTHOH TOUKE.

KomriekcHoe mpocTpaHCTBO € OCOOEHHOCTBIO B Hayalle KOOpAMHAT, Kak
CJIEJICTBUE HAJINYMS MOAIPOCTPAHCTBA JACIUTENEH HyJIs, OTBEYAET 3TOMY YCJIOBHIO.

Bce 310 TOBOPHUT O TOM, 4YTO MPOCTPAHCTBEHHOE IIOJIE YHCE]I BBOJIUT
OTEPALIMOHHYIO CTPYKTYpY KOTOpasi Haubosiee aJleKBaTHO COOTBETCTBYET PEalbHOMY
IIPOCTPAHCTBY MUKPOMHUDA.

OnepannoHHas CTpYyKTypa KOMIIJIEKCHOTO aHaym3a BBIJICTISET
MOANPOCTPAHCTBO JEIUTENEH HYJIS C HOBBIM ITOHATHEM O CUHTYJIIPHOCTH apryMEHTA.

[TognpoctpancTBo nenutened  Hyss1(aeKBaTHO MPOCTPAHCTBY CBETOBOIO
KOHYCa) CBOpPauMBaeTCsi B CPEPUUYECKUX KOOpAUHATAX B TYHHEJb M30JUPOBAHHOTO
CUHTYJSIDHOTO HAIpaBJIEHUS C YBEJIMYEHUEM PA3MEPHOCTH BCETO IPOCTPAHCTBA.
Cummetpusi B 00pa30BaHUU CHUHTYJISIPHOTO HAIPaBJIEHUS MO3BOJISIET OTOXKIECTBUTH
NOJYYEHHYIO CTPYKTYpY C (yHZaMeHTaIbHBIMM CBOMCTBaMH 3apsia ObITh
MIOJIOKUTENBHBIM, OTPULIATEIIBHBIM ,HEUTPAJIBHBIM.

Cozpartens kBaHTOBOM Teopun mnons II. A. M. Jlupak CHHIyJISpHOCTB
aprymMeHTa paccMaTpuBajl B 000CHOBaHMM MarHUTHOI'O MOHOIIOJIS.

B. TeifzenOepr cumran, uyTo (QU3MUECKas CYIHOCTh (yHIaMEHTaIbHbIX
CBOMCTB 3aps1/1a CBsI3aHA C CUHTYJIIPHOCTBIO ITPOCTPAHCTBA B3aUMOJICHCTBHS.

[TonmpocTpaHCTBO ~ CHHTYJISIPDHBIX — HAaNpPaBIE€HUH U CTPYKTypa  BCEro
KOMILIEKCHOIO ~ IIPOCTPAHCTBA  COINOCTAaBIAETCA M OTOXKIECTBISAETCA  C
9KCHEPUMEHTAIbHO YCTAHOBJICHHBIMH YPOBHSAMHU (OPMHUPOBAHUS MaTepuu B
MUKPOMHpE : JIENTOHHO-3JIEKTPOHHOM, OapvOHHBIM, KBapKoBbIM. lloka3aHa cBA3b
pa3MEpHOCTH KOMIUIEKCHOTO IIPOCTPAHCTBA C 3TUMHU YPOBHIMH.
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A. JloryHoB co3narens PTI mpoBOAWMT MbICHB, YTO peajbHas CTPYKTypa
MPOCTPAHCTBA ,yCTAHOBJICHHAS B SKCIIEPUMEHTAJIBHBIX UCCIIEJOBAHUSIX MUKPOMHPA ,
JOJKHA OTHCHIBATHCS MAaTEMaTHYECKUM amapaTtoM H TOJBKO TaKOW ammapar
MPETEHYET ObITh €IMHCTBEHHBIM.

[Tepuoguueckast Tabnuna snnementoB .M. MeHaeneeBa oTpakaeT peaqbHYIO
CTPYKTYpYy HNPOCTPAHCTBA HA AaTOMHOM U SIIGPHOM YPOBHE .

UccnenoBanust  cTpykTypbl N-MEPHOTO  KOMIUIEKCHOTO — IPOCTPAHCTBA,
MOCTPOECHHOTO Ha 0a3e anreOpbl C KIACCUYECKUMH ONEepalusMy YHUCeN, Jall0 MOJTHOE
COOTBETCTBUE ¢ (HOPMUPOBAHUEM NEPUOTUUECKON TAOIHUIIBI JIEMEHTOB

Teopetnueckas siaepHas pusmka pazpadoTana psj Mojeseil aTOMHOTO sjipa,
HU B OJIHOW M3 KOTOPBIX HE YUYUTHIBACTCS CTPYKTypa MPOCTPAHCTBA, TaK KaK OHA
BbIOpOIIIEHA U3 PACCMOTPEHHS U3 MAaTEMaTHYECKOro anmnapara, ¥ I03TOMY MOJETN He
B COCTOSIHUM JIaTh BO3MOKHOCTh PAacCUUTATh KIIOYEBBIC MOMEHTHI SACPHON (PU3UKH.
Jlo Hacrosilero BpeMeHu He BbIBeJieHa (opMyJia SHEPTUU CBS3H aTOMHBIX sIEp, HE
3aBepIICHbl TEOPUM PATUOAKTHBHBIX pacmajoB, MeXaHuW3M anbha pacmanga
OOBSCHSIETCS TPOCAaYMBaHWEM aib(a YacTHIBI 4Yepe3 KYyJOHOBCKHMUA Oapwep. Jlms
onucaHus MexaHu3Ma anb(da pacrmaga npumMeHeHo ypaBHeHue lllpeaunrepa u
pe3yabTaT MOJYyYHIICS TITyOOKO OMTHOOYHBIM.

KommiiekcHOe TpOCTPaHCTBO BCKPBUIO CTPYKTYpY TsDKENbIX siep. Sapa
COCTOSIT U3 JIBYX OJIOKOB ,KaXbIi M3 KOTOPBIX COCTOUT U3 S/I€p MEPBOIl MOJIOBUHBI
nepuoanueckoi tabmuibl. [losBneHwe JlaHTaHOMAOB CBs3aHO C  Ha4yalloM
dbopMHpOBaHUST BTOPOTO OJOKAa B TSDKENBIX sApax. YCTOWYHUBBIM OJIOKOM CIIEIyET
cunuTaTh OJIOK W3 6-TH ME30HHBIX 3apsAgoB (IOJ 3apsgoM B TEKYyIIEM MecTe
NMOHMMAETCS HaJU4Mhe WIICWIOH TyHHeINs, dYepe3 KOTOpbI  MPOXOJUT Macca
OOMEHHOTO KBaHTa), KOTOpbIE yAepkuBaoT 51-56 mpotoHoB m or 70 mo 90
HeWTpoHOB. Hampumep mnpu B3pbIBE aTOMHOrO slpa YpaHa MNPOUCXOIUT pa3Baj
OJIHOTO ME30HHOTO 3apsi/ia, KOTOPBIA HAXOAUTCS B MPOCTPAHCTBE PYrOro M3MEpEHUs,
9YeM MPOTOHBI W HEUTPOHBI siapa. PaKTHUECKH NMPOUCXOAMUT B3PHIB IPOCTPAHCTBA
JIpyroro u3MepeHusi ¢ BbiaesneHueM sHepruu A0 200M»sB. Ilpu sToM mpoucxoaut
ACHMMETPUYHBIN pacnas siipa ; UMEeM OJMH OJIOK U3 6 ME30HHBIX 3aps0B M BTOPOI
050K 13 4 ME30HHBIX 3apATOB, TAK YTO UMEEM IKCIEPUMEHTAIBHOE COOTHOILIEHUE 10
MaccaM Mexay mpoaykramu aeneHuss 3/2. IlomydeH pesyibTar, KOTOPBIH 0
HACTOSAIIETO BPEMEHHU MPEICTaBISAET TPYIHOCTD AEPHON (U3HKE.

Anbda-pacniag TSOKENBIX SAEp SBISETCS CIEACTBHEM BO30YXKACHHUS siipa B
pe3ysbTaTe PagUOaKTHBHBIX MPEBPAIIEHUH BHYTPU MATEPUHCKOTO SApa MeEXIy
OJI0KaMu-sApaMHu.

[ToneBas cTpykTypa ( MHa4Ye ME30HHBIN 3apsia, OOMEHHBIA KBaHT U T. 1. )
UMEeT pPa3MEpPHOCTh 0ojee BBICOKYIO II0 CPaBHEHHUIO C  MPOCTPAHCTBOM
B3aMMOJCHCTBYIOIIUX CTPYKTYp (Tak JKe€ KaKk KOMIIOHEHTa BpEMEHU B
npeoOpazoBanusix JlopeHna cozmaer Oosiee BBICOKYHO Pa3MEpPHOCTb) TMOITOMY
B3aMMOJICHCTBUH €CTh Pe3yJbTaT U3MEHEHUS MapaMeTpoB, KOTOPbIE XapaKTePU3YIOT
IPOCTPAHCTBA Pa3HBIX HW3MEPEHUH. DTOT BBHIBOJA TO3BOJIMI TOJIYYHTH (OPMYITY
SHEPTUU CBSI3U ATOMHBIX €D, OTBEUAIOIIY IO SKCTIEPUMEHTAIBHBIM TaHHBIM.

OOpamieane K suepHod  (u3mke OOYCIIOBICHO HaaU4ueM OOJIBIIOTO
OITyOJIMKOBAHHOTO CIPABOYHOTO MaTepuaa.

BBenenne cTpyKTyphl POCTpPAaHCTBA, pa3paboTaHHOW Ha 0a3ze KIIACCHYECKOU
anreOpbl HaJ JEHCTBUTEIBHBIMU M KOMIUIGKCHBIMU YHCIAMH, M OTBEYarolei
dusnyeckuMm mpeodpasoBaHusaM JlopeHna, mo3BoI0 3PPEKTUBHO PACCUHUTATH C
OOJIBIION CTENEHBIO JOCTOBEPHOCTH (TIOUTH 99%) ¢ sKCTIepUMEHTAIbHBIMU JaHHBIMU
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pacueTsl: AJEKTPOHHOI0, MO3UTPOHHOIO, anb(a pacmaza, SHEPrHHU CBSI3M aTOMHBIX
anep.

OTO (O6mmas Teopust OTHOCUTEIILHOCTH) A. OMWHIITENHA,
PTI'(PensitTuBucTCcKast Teopus rpaButanuu) JloryHoBa HE JOBEACHBI /10 JIOTHYECKOTO
KOHIIa BCJIEJICTBUE YKA3aHHBIX BBIIIE OIINOOK.

Ecimn JOITYCTHTb, 4TO WHTEpBaJ TEOPUH OTHOCHUTEJIBHOCTH,
OTKOPPEKTHUPOBAHHBIA (PU3NYECKUMU YCIOBUSIMH, BBeAeHHBIMU B PTI JloryHOBBIM,
COOTBETCTBYET peabHOMY (DHU3MUECKOMY TMPOCTPAHCTBY, TO MPHUMEHSSI K HEMY
anmapar anreOpsl KOMIUIEKCHOTO MPOCTPAHCTBA, YAAETCS MPEACTaBUTh €ro B
YEeThIPEXMEPHBIX (PU3MUECKUX KOOpAMHAaTax. B 3ToM ciydyae Hayalo KOOpAWHAT
Oyzer conepxaTh c(epHuecKyr0 OKpPECTHOCTb HYyJis, KOTOpas OyJeT CoAepiKaTh
KpOME HaIlpaBJIE€HUN YETBIPEXMEPHOIO IPOCTPAHCTBA-BPEMEHH HW30JIMPOBAHHOE
HAlpaBJIEHUE, HE MPUHAMIEKALEE YETBIPEXMEPHOMY IIPOCTPAHCTBY-BPEMEHHU.
[IpocTpaHcTBEHHBIE OCU KOOPAUHAT OYyIyT pa3BEpPHYThl OTHOCUTEILHO BPEMEHHBIX Ha
90 rpagycoB ¥ UMEIOT pa3Hble TOUKHU Hayalla B 3TOW cPepruuecKoil OKpeCTHOCTU. JTa
OKPECTHOCTh €CTh IpaBUTAMOHHBIN panuyc [IBapiimmibaa (Kak YacTHBINA CTydai).

TonbKo B 3TOM cily4ae II0CKOe MPOCTPAHCTBO 00J1a1aeT KPUBU3HOM, KOTOpast
MaKkcHUMajbHa B Hayajue KOOPJAUHAT U CTPEMUTCS K HYJIIO Ha OECKOHEYHOCTH.

Takoe mocTpoeHue omnpenenseT Kak MaTepHATbHYIO TaK U TOJIEBYIO (opmy
MaTepuH.

OynpameHTanbHass Macca 2*10"-5 1. B Hauvale KOOPAMHAT CO3IAeT
MaKCUMaJbHYK0 KPUBH3HY IpocTpaHcTBa. PyHAamMeHTanbHas JJIMHA €CTh B TaKOU
TPaKTOBKE TpaBUTAMOHHBIN paauyc [lBapmmmnbaa 1, 6%10"-33cm.

[Ipu B3aumonelcTBUM JBYX (PyHIAaMEHTaJbHBIX MacC Ha PaCCTOSIHUU
KOMITOHOBCKOH JnuHbl mpotoHa 0, 2*10"-13 cM momydaem maccy npotona 1, 6*%107-
24 .

Takum o0OpazoMm, TpeojoNeHa Ta TeopeTudeckas Opemib, KOTOpas
o0Opa3oBasiach MEX/1y TSATOTEHUEM U TEOPUEH MUKPOYACTHULI.

Macca MUKpOYacTHUIbI paBHA:

2 2 kompt
m,c® =Gm, / A4°™,
Irac mi -MacCa MHUKPOUYACTHUILIBI, C CKOpPOCTb CBCTA, G—FpaBI/ITaI_II/IOHHaSI

IIOCTOsAHHAA,

lt‘ompt- KOMIITOHOBCKAsl JUIMHA  BOJIHBI

m, -byHnamenTanbHas — macca,

MHKPOYaCTUIBI.
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r7106AJIbHBIE OLUNMBKU MATEMATUYECKOIO
ECTECTBO3HAHUA

Heyxionnslii mporpecc (U3MKK K HACTOSILIEMY BPEMEHHU ITOCTABUI BOIIPOC O
COBEPIIEHCTBOBAaHMM MAaTEMAaTUYECKOI0 ammapara TakK, 4TOObl €ro MOXHO ObLIO
OTOXKJIECTBUTH C peajbHBIMU IIPOLIECCAMU B MaTepuaibHOM Mupe . CTanao 04eBUIHBIM
TaK)Ke, YTO JIEKAPTO-BEKTOPHOE M TEH30PHOE HCUHCICHHE HE COOTBETCTBYET 3TOH
OCHOBHOM JIMHUM YCOBEPLIEHCTBOBAHUS.

Anrebpa BEKTOPHOTO ¥ TEH30PHOTO HCYHCICHHs (anredpa MaTpui]) He
SBIISICTCS YUCIIOBOM anreOpoil M MOITOMY TEOPETHUECKOE MCCIIEOBAHUE CIIOKHBIX
IIPOLECCOB (PU3MUECKOrO B3aUMOJCHUCTBUS OCYLIECTBIISIETCS B HE YKMCIOBOM IIOJIE.
Ot anreOpbl He SBIAIOTCS PE3yJIbTaTOM BHYTPEHHETO Pa3BUTHUS ACHCTBUTEIHHBIX
4uCell, a ONMPAIOTCA Ha HENPEPHIBHO BBOAMMBIE AKCHOMBI M JIOIOJHUTEIIBHBIC
OTIpeIeJICHUs] M ONepaIfH, TEM CaMbIM YCIOXKHSETCS aOCTpakiHs U pe3yJbTaThl B
Jy4lIeM CIy4ae KaK YacTHBIM CIydall COOTBETCTBYIOT PEAIUSAM.

EnuHCTBEHHON cXeMOU pa3BUTHs MAaTEMaTUYECKOIO ammnapara TEOPETUIECKON
Gu3uKN  SBJIAETCS  yCOBEPLICHCTBOBAHME TEOPUM  (DPYHKUUH  KOMIUIEKCHOTO
nepemenHoro O. Komm, kotopas fo1uia 10 Halllero BpEMEHU B TOM BUAE, B KOTOPOM
€€ OCTaBWJI BEJIMKAN MaTEMaTHK.

Pacmmpenue nonst komiuiekcHsix yncen O. Komu B N-MepHOE MpoCcTpaHCTBO
C COONIOJICHHMEM 3aKOHOB anreOpbl JEHCTBUTENBHBIX W KOMIUIEKCHBIX YHCEI
onpeaenseT YucioBoe nose, KOTOPOE aIEKBaTHO PEAIILHOMY.

Cosparens kBanToBoi Mexanuku I1. A. M. Jlupak [22] IBITAJICSA 3aMCHHUTD U

000CHOBATh HE YUCIIOBYIO ONEPAIUI0 HEKOMMYTATHUBHOTO YMHOKEHHSI HA KBaHTOBEIC
ycnoBusa. OnHako B JanbHeieM oH mucai: S Obl NpeJIoKWII B KayecTBE HUJIEH,
BBITJISIZIEBIIEH Oosiee 0OHAIC)KUBAIOIIE IS YIIyUIICHUsST KBAaHTOBOM MEXaHUKH, B3STh
32 OCHOBY TE€OPHIO (DYHKILUI KOMIIJIEKCHOM MEepeMeHHOH. DTa 00JIacTh MaTeMaTHKH
UCKJIIOYUTENBHO KpacuBa, M Tpylna IpeoOpa3oBaHUM, C KOTOpPOH OHa CBs3aHa,
MMEHHO TpyIna npeoOpa3oBaHUil KOMIIJIEKCHOM INIOCKOCTH, 3TO Ta K€ TPYMIIA, 4TO U
rpynna JlopeHua, ynpasistoiias HpOCTPaHCTBOM-BPEMEHEM CHEHAIbHON TEOpHH
OTHOCUTENILHOCTH. MBI IPUXOAUM TaKUM 00pa3oM K MOJ03PEHUIO, YTO €CTh KaKasi-To
riyooKas CBA3b MEXKIY Teopuedl (QYHKIMM KOMIUJIEKCHOM MEpPEeMEHHON W
IIPOCTPAaHCTBOM-BPEMEHEM CIELUAIBHON TEOPHUH OTHOCUTEIBHOCTH; Pa3paboTKa 3TOM
CBSI3M CTAHET TPYIHOM LIEIbI0 Oy IyLIUX UCCIETOBaHUM. ~

II. Jlupak B COBEpILIEHCTBE 3HAJ BEKTOPHBIM M TEH30PHBIA aHAJIN3, OIAHAKO
cuuTai, yTo Oyayliee 3a TeOpre KOMIUIEKCHOW MepeMEHHOM.

B coBpemenHOll TeopeTHueckol (U3MKE ONEpallMOHHOE IIoJe 3a7aeTcs
Ha0OpOM 3HAYEHUI ONEPaMOHHBIX KOOPAUHAT (X, Y, Z, ct). Takoit Habop cocTouT U3
4ucell, HO caM HE MpeACTaBisAeT 4ucio. CBA3b MEXKAY YHMCIOBBIMH KOOpAMHATAMU
OCYIIECTBJISIETCS BBEJCHUEM JIOTIOJHUTEIBHBIX HE UHCIOBBIX BEJIMYMH. Takum
0o0pa3oM TOYKa B MPOCTPAHCTBE HE €CTh YMUCIO. TEH30pbl M MAaTPHULBl TaKXe He
SIBJISIFOTCSL YUCJIaMU, XOTSI caMu 00pa3oBaHbl U3 HabOpa ynces.

I[Tom YwucroM HaAO TMOHUMATh MAaTEMaTHYECKHH OOBEKT, KOTOPBIU
MOIYMHSETCS 3aKOHAM ONepaluii anreopbl 1eHCTBUTENbHBIX U KOMIUIEKCHBIX YHCEIL.

3amanue anredpanyeckoro IMoiis Kak HabOp 3HaueHHH KOOpAMHAT SIBISETCS
I'pyOeiimeii omuOKOil MaTeMaTHYECKOTO0 €CTeCTBO3HAHHUS, TaK KaK OHO He
OIIpeAeIsieT CTPYKTYpY IPOCTPAHCTBA.



BBEJIEHUE

MHOrounCIEHHbIE SKCIIEPUMEHTHI 10 CTOJKHOBEHUIO JIBYX 3JIEMEHTapHBIX
YaCTHUL OYEHb BBICOKHX 3HEPIUi MOKA3BIBAIOT, YTO OIPOMHAsl KUHETHUYECKAsl SHEPIHs
npeoOpas3yercsi IpyU CTOJKHOBEHUSX B MAaTEpPUIO, MOPOXKAAs OOJBIIOE YHCIO HOBBIX
AJIEMEHTapHBIX YacThll. B HacTosmee BpeMs MUKPOUYACTHIIbI KiacCU(PHUIIMPOBaHbI Ha
OCHOBE MX KBapK-IJIFOOHHOTO COCTaBa. Bce 3T0 CBUAETENBCTBYET O CTPYKTYpHU3aLUU
Marepuu. B cBs3M ¢ 3TUM MaTeMaTHYeCKUil anmapar JOJKEH COOTBETCTBOBATH 3TOM
CTPYKTYpHU3allMH, & HAKOTJICHHBIN YKCIIEPUMEHTAIbHBIN MaTepual JaeT BO3MOXKHOCTb
MIPOBEPUTH JII000€ MaTeMaTHUYECKOE TOCTPOEHKE Ha 3TO COOTBETCTBHUE.

Teopernueckas (pusnka He 00J1aAa€T TAKUM MATEMATHYECKUM arllapaToM.

[Ipu 3amanuyu TOUYKM Kak HAOOp 3HAUEHUN KOOPAMHAT CTPYKTypa 3a/JaeTrcs Mo
runorese I'enpmromnpla-Pumana B Buie HHTEpBaa

dS? = dx? + dy? + d2? (1)

WurepBan (1) xapaxkrtepusyer reoMerpuro EBKIMIa M OCHOBBIBAETCS Ha
rpynmne IBM)KEHUH TBEpAOro Tena ( MHTEpBall OCTaeTCsl HEM3MEHHBIM IPHU BCeX
BPAIICHUSAX TBEPJOW CUCTEMBI OKOJIO BHIOPAHHBIX TOYEK).

C MareMaTH4ecKOW TOYKHM 3pEHUsl BBIpA)KCHHE MHTEPBAJIa HE KOPPEKTHO, TaK
KaK OHO BBOJUTCS, ONUPAsICh HA MOBCEIHEBHBIN OIBIT, & HE BHIBOJUTCS M3 3aKOHOB
OTIepaIiii YNCIIOBOM anreOphl.

Crano 04eBUAHO, YTO TAKOE IMOJE HE MOXKET TOAMTHCA AJIs HMCCIEAO0BaHUS
MIPOLIECCOB I'PAaBUTALIUN U JIEKTPOINHAMHUKHU.

B cBs3u ¢ atum [lyankape 1 MUHKOBCKHIA /11 HaOopa 3HaUYEHUI KOOPAUHAT

(x,y,z,ct) BBEJIU UHTEPBAJ B BUE

ds? = C2dr® — dx? —dy* —dz? (2)

(B nmanmpHEWIEM CCBUIKM Ha YYE€OHUKH W pacmr(poBKa XpPeCTOMATHMHBIX
(dbopMys HEe TPOU3BOIUTCSA, YTOOBI HE 3arpyKaTh BHUMAHHUE ).

[IpocTpancTBo C TaKUM HUHTEPBAJIOM MOJTyYUIIO Ha3BaHUe
NICeBIOCBKIUIOBEIM. MHTepBan (2) ocraercs WHBApUAHTHBIM B IMPeoOpa3oBaHUAX
JlopeHia, KOTOPBIN OCTaBMII 3aMUCh ATUX MPEOOPa30BAHUI B TOKOOPIMHATHOM BH/IE

(x,y,z,ct) = (x1,)1,21,¢H)-

WuTepBan B Bujae (2) 00beIUHII IPOCTPAHCTBO-BPEMSI B €IMHOE 11€JI0€ U CTall
(byHIaMEHTAIBHBIM ITPUHIUIIOM COBPEMEHHOM TEOPETHUYECKON (DU3UKHU, UTO SBIISETCS
TJIABHBIM COJIEPYKaHUEM T€OPUHU OTHOCUTEIBHOCTH.

OnHako U 3TO BBIpAXKEHUE MHTEPBaja HE BBIBOJUTCA M3 KAaKUX JIMOO OOIIUX
MaTeMaTHYECKUX MPUHIUTIOB.

CTO, OTO A. Ditnwreiina, PTT" A. JloryHoBa sBisIOTCS yO€AUTEIbHBIM
JI0Ka3aTeNIbCTBOM  HECOCTOATEIbHOCTH MaTeMaTHMYECKOTO ammapaTa OIMUCHIBATh
OTEpaIMOHHOE [0JIE€ KaK HAaOOp 3HAu€HUN KOOpIMHAT, OOBEAUHEHHBIX MHTEPBAJIOM
(2).

B OTO wu PTI' cpenana mnombITKa OTKOPPEKTUPOBATH OINEPALMOHHBIE
KOOPJIMHATEI C IOMOLIBIO METPHICCKUX KOIPPHIUHCHTOB ¢ .4 ., 4,

ds? = g,(C)* - g, dx” - g, dy” —q.dz 3)

TaK, 4TOOBI OH COOTBETCTBOBAJIM PeabHBIM (PU3UUECKUM KOOPIUHATAM.

Mertpuueckue K03()pGUIUEHTB ONPEAENAIOTCS C I[OMOULIbIO YPABHEHUS
DOHHIITEHA U SBIISIOTCS (PYHKUUSAMHU SHEPTHH-UMITYJIbCa TEH30pa MaTepHUH.

Takum o6pazom, OTO A. Diinmreiina u PTT A. JloryHoBa monayio B KarkaH
rpyOeiiimeii  ommMOKM MaTEeMaTHYECKOTO eCTeCTBO3HaHMA. BHauane 3amanu
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BBEJIEHUE

MaTeMaTHYECKOe I0JIe KaK Ha0Op 3HAYEHHI KOOPAMHAT, a 3aTeM OTKOPPEKTHPOBAJIH
3HAa4YEeHUE 3TUX KOOPJMHAT, KOTOPbIE B ’TOM Ha0Ope HE AAI0T YUCIOBOE MOJIE.

Oty cutyanuio npoananuzuposai I1. [lupax [22], Jiernasi IoNbITKY 000CHOBATh
nepexoa OT HEYHCIOBOIO0 MAaTeMaTHYECKOro ammnapaTra K 4MCIOBOMY M Pe3yJIbTaThl
COIIOCTaBUTh C HA0JII01aEMBbIMH.

K HactosmeMy BpeMEHH HMEIOTCS TOJIBKO JBe YHCIIOBBIE CHUCTEMBL. OJTO
necTBUTENbHBIE U KOMIUIEKCHbIE uncia O. Komm.

Kommnekcusle uymcna O. Komu ectb BHyTpeHHee pa3BUTHE TEOpUHU
JEHCTBUTENBHBIX YUCE U MIPEICTABIISAIOT UX PACIIUPEHUE B MIIIOCKOCTh

z=x+iy=pe'? (4)
rae i =+/—1-0a3oBas equHUIIa(MHAMAS €IMHUIIA) SBIISIETCS YUCIIOM.

B mmockoctu (Z) BBITIOJIHAIOTCA BCC OmCpaluid MW 3aKOHBI aJ'IFC6pI)I

JeWCTBUTENBHBIX YHCETI.

[TonbiTKa pacmMpeHHss KOMIUIEKCHBIX YMCENl B MPOCTPAHCTBO HATOJIKHYJIOCh
Ha TIOSIBJIGHUE HOBBIX MAaTEMAaTHYECKUX OOBEKTOB —JICNUTENEH HYJs, CBOWCTBA
KOTOPBIX HE YAaJI0Ch MPOAHAIU3UPOBATH.

Jlenutenu HyJs MPEICTAaBISAIOT YUCIA, HE paBHbIC HYIIIO, HO B IPOU3BEACHUU
naromux Hylb: a # 0,b#0,ab=0.

CTONKHYBIIUCH C 3TUMHU OOBEKTaMH MaTeMaTHKa JONMyCTHUja TpyOeiiryio
ro0anbHyI0 OMMOKY, BB HE KOMMYTAaTHBHOCTh YMHOXXEHUs, TO ecTh cd =—dc,
YTO MO3BOJIMJIO UCKIIIOYUTh 3TU OOBEKTHI U3 MaTEMAaTUYECKOI'0 anmapara.

B nanpHeiiem 3To npuBeIo HE TOJIBKO K OIIMOKaM B MaTeMaTHKE, HO U

K MaTeMaTHMYeCKOMY IIPOM3BOJIy —BEKTOPHOMY, TEH30pPHOMY aHalIu3y, a
TaKXe K MaTeMaTH4eCKOMY MyCOpPY B BUJIE TUIIEPKOMILJICKCHBIX YHCE.

I1. lupak He KOMMYTaTUBHOCTh YMHOKEHHsI IIBITAJICS yBSA3aTh C KBAHTOBBIMU
CKauKaMM U TEpexoJaMy SHEPruHM Ha JPyTrue YPOBHU U MO CYIIECTBY HE BCKPBLI
CYLIECTBO KBAHTOBON MEXaHHKH.

KBaHTOBBII CKaUOK MJIM TIEPEXOJT COMPOBOKIACTCS KPOME U3MEHEHHUST YPOBHS
SHEPIUM M3MEHEHUEM XapakTepa B3aMMOJAEHCTBHS U Pa3MEPHOCTU CTPYKTYPHI
MIPOCTPAHCTBA.

B BeKkTOpHOM HWCUWCIEHHUHM KOHCTPYKIHA [ =x-+iy+ j¢{ +kn c 0a30BBIMU

eAUHULIAMU 1, j,k He TpeNCTaBIsieT 4YHUCIO, TaK Kak 0a30Bble €AMHHULBI HE

MOJYUHSIOTCS 3aKOHAM OIepaluidi HajJ YUCIIaMH, HalmpuMep HET KOMMYTaTUBHOTO
yMHOXeHUs I = ji. [losTomy pacimmpenue mnonst koMiiekcHblx yucen O. Komm
JOCTUTAETCS CHATUEM 3TOTO OTPAHUYEHHS ¢ 0A30BBIX €IUHULL.

[Ipuyem pacmmpenue JocTuraercsi ©0e3 BBEACHHS JIOTOJIHUTEIBHBIX
noctyiaToB u runore3 B Teoputo O. Komm. JlokazaHo, 4TO HU3BJIEYEHUE KOPHSA
KBagpaTHOro u3 +1 mo 3akoHam anredpe xomruiekcHbIx yucen O. Komm npuBomut

JOTIOJIHUTEIBHO K IBYM HOBBIM yucHaM +/+ 1 = (/(=1)(—1) = tij =+ ji .

Ecan onepanus U3BJICUCHUA KOPHA  BBIIIOJIHECHA IMIPAaBUJIBHO, TO HC
KOMMYTAaTHUBHOCTb YMHOXCHUS JOJ’KHA OTCYTCTBOBATh.

HOBAST KOHUETNUNA NMTPOCTPAHCTBA

Anrebpa KOMIUIEKCHOTO MpPOCTPAaHCTBA NPUBOJUT K HOBOM KOHLEMIHU
IIPOCTPAHCTBA.
B pesynbrare nMeeM KOMILIEKC

U:(X+iy)+j(§+iﬂ):pei(p+jr€i¢:ReiF+j(// (5)
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BBEJIEHUE

KoMmruiekc momuuHsieTcss OOBIYHBIM ONEpalusM HaJ JACUCTBUTEIbHBIMU U
KOMIUIEKCHBIMU YHCIIaMU U nipecTasiseT Huco.

CTpykTypa KOMIUIEKCA TPEICTABISIET CHCTEMY BIIOKEHHBIX NPYr B JApyra
MOATMPOCTPAHCTB (MOKHO PACIIMPUTH O OECKOHEYHOCTH) pPa3HOM Pa3sMEPHOCTH C
OYEBUHOM F€OMETPUYECKON UHTEPITPETALUEH.

HeoOxonumo moguepkHyTh, YTO MOAYJh R MpH oOmpeneneHHbIX YCIOBHSIX
COJICPKUT BCE YaCTHBIC BhIpakeHUs nHTEepBajioB (1), (2).

KomrmiekcHOe  TIpOCTpaHCTBO <u> COJCPKHUT TOJIPOCTPAHCTBO  JIEJIUTEINICH

HYJIl, KOTOPOE BBIAEISETCS MPU CIEAYIOMUX YCIOBUAX =@+ 7/2, p=r

b= pe®(1+ ji) = pei(p( \/a)ei jarktgi (6)

Teopernueckas ¢u3Mka K HacTOsIIEMY BpPEMEHM MpHIUIa K BBIBOAY, YTO
4yacTUlla €CTh CHHIYJSIPHOCTh (MMEHyeMmasl IIOJIFOCOM) IIoJii B IPOCTPAHCTBE
MOMEHTOB. DTOT BBIBOJI IIOJAAETCS PACKPBITHIO 00JIee AEeTalbHO.

[Ipeobpazyem BoipakeHue (5), yuutsiBas (6)

L =RV — R P 4 j[Re!? sin WX\/a )e—jarktgi (7)

O0a craraeMbIX OTOX/IECTBIISIOTCS C MAaTEPUATBHBIMUA CBOWCTBAMH YaCTHUIIBI.

Paccmorpum  BrOpoe cmaraemoe. [loampocTpaHCTBO CBETOBOTO KOHYyca
MUHKOBCKOI'O BBIIEISETCS IPU YCIOBUU PaBEHCTBA MHTEPBAJIA HYJIIO

ds? = C2ar* ~dr* =0 8)

WHTepBan B NOAIIPOCTPAHCTBE CBETOBOI0 KOHYCA PABEH HYIJIIO.

OTO OJHA W3 NPUHIMIHAIBHBIX OLIMOOK TEOPHUH OTHOCHUTENBHOCTU. Teopus
(GyHKIMHA KOMIUIEKCHOTO npocTpaHcTBeHHOro nepemenHoro TOKIIII, moctpoenHas

Ha Oa3e aureOpbl KOMIUIEKCHBIX YHCEN, [JOKa3bIBA€T, YTO MHTEPBAJ HEJb3s
paccMaTtpuBaTh 0e3 aprymeHToB. KopeHb M3 Hyssl B MPOCTPAHCTBE HE PaBeH HYJIIO

aBToMaTHuyecku +/0 # 0, B ClIeICTBUU HAJIMYUS CUHTYJISIPHOTO apryMeHTa + arkitgi .

OKpECTHOCT HylIsl paamyca ~/0  CHHIYISPHBI apryMeHT arkigi CO3JaioT
T0JII0Ca B IPOCTPAHCTBE MOMEHTOB. I103TOMY BTOPOE ClIaraeMoe OTOKIECTBIISAETCS C
3apsAIOM

B mpocteiiiieM ciyuae a(\/a)eijar kgl 5 rampheiimem o6osHawnM a1
OTO3KIECTBUM C JIENTOHHBIM 3apSIOM.

Bropoe cnaraeMoe B (7) MOKa3bIBAET, YTO MPOCTPAHCTBO B CHHIYJISIPHOM
TOJII0CE pa3yaraeTcs Ha JBa HE CyMMMpYEMBIX MOANPOCTPAHCTBA B COOTBETCTBHH C
anre6poit nemuteneit uyns vy = jpe'? +ipe'?

DaKTUYECKM B NWIMHAPMYECKAX KOOPAMHATAX MMEEM MHHMMBIE TOYKH
TIONPOCTPAHCTBA JENUTENeH HyJIs, KAK TOUYKHM HEe HMEIONIUE CyMMapHOTo pajnyca.

Jlse  koopmumatel  jpe'? ipe'®  paBHBl 1O BenMUMHE,  B3aMMHO
TIEPNECHUKY/IAPHBI, ¥ UMEIOT B OKPECTHOCTH Hadaaa KOOPJMHAT Pa3Hble MCXOIHbIE
TOYKH, HOBEPHYThIE OTHOCUTENBHO JPYT Apyra Ha yroi z/2.

B chepudeckux KOOpAMHATAX STH TOYKH CBEPTHIBAIOTCS B IMJIMHIPHYECKUN
TyHHEJIb IO OJHOM M3 OCEM B CEYEHUU C PaAUyCOM Jou CUHTYJISIPHBIM
HaIpPaBICHUEM.
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ejarctgi
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Puc. 2. Ceasnocmb komnnexcnoeo npocmpancmea. Cyo— cmsazusaemcs 8 mouxy, C; — Helb3s CmaHymo 8
Hynb MepHyto mouky. Cs — npocmetiuias YuKIuieckdas Kpueas 6 npocmpancmse.

JlekapTo BEKTOpHBIC KOOPIWHATHI M CBS3aHHBIE C HUMHU IpeoOpa3oBaHUS
JlopeHnia He JAarOT BO3MOXKHOCTH BBIPa3UTh MX B CQEPUYECKUX KOOpIHMHATAX.
CBeTOBOIl KOHYC TEOPHUHM OTHOCHTEIBHOCTH HMEET HYJb MEPHYI0 TOUYKY B CBOEH
BEpIIMHE KaK HA4aJ0 KOOPIUHAT. DTO ouepeaHas riodaabHas omuoOKa CrennaibHON
TEOPHUU OTHOCHTEILHOCTH.

D10 ouepenHas ommMOKa HE TONBKO (UIUKO-MaTeMaTH4eckas HO H
dbunocodckasi.

CBA3HOCTb PEAJIBHOIO NTPOCTPAHTCTBA

Hounb Heucuepnaem, Takke Kak HercuyepriaeMa 0€CKOHEYHOCTh !

N3 ostoro cremyer, dYTo BpEeMEHHas OCb HE IepeceKaercs C
IMPOCTPAHCTBCHHBIMHA OCSIMHU.

OcoOeHHOCTh B Hauyaje KOOPAHMHAT, OTCYTCTBHE HYJIb MEPHBIX TOYEK
NPUBOJUT K H3MEHEHMIO MPEACTAaBICHUN 00 YCTaHOBUBLIMXCS TI'€OMETPUUYECKUX
00pa3oB U MOHATHIH.
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BBEJIEHUE

IIpoctelinieli KpUBOW B MPOCTPAHCTBE sBisAeTCS KpuBasg (3, HATAHyTas Ha
cepy paauyca R; ¢ OPOKOJIOTBIM & -TYHHEJIEM, TaK YTO YacTb KPUBOH MPOXOAUT 110
BHEIIIHEH MOBEPXHOCTU cdephl, a YyacTh MO & -TyHHeN0. [Ipu 3TOM aprymeHTsl ¢,y
COBEpIIAIOT COOTBETCTBEHHO 47,277 000poTa.

Cdepa ¢ mpoKOIOTHIM TYHHENIEM HAalIOMUHAET BBIPOKACHHBIN TOP.
[ToBepxHoCcTh S3, HaTsAHyTas Oe3 TOYeK camorepecedyeHHus Ha kpuBylo Cj,

U30IHpYyeT 00BbeM TOpa V3 u3 mpocTpaHcTBa OOJIbLIEH 0 BEIMYUHE Pa3MEPHOCTH.
C »srToll wM30MsAUMEN B JAJbHEWINEM CBS3BIBACTCS MPEICTABICHUE O

MHKpPOYACTULAX.

[ToBepxHOCTH S5 HeNb3s CTAHYTh B TOUKY, TAK YTOOBI OHA HE 3aMbIKaia 00beM
oVs.

OTO €CThb NPUHUUIHAIBHOE OTINMYHME TIE€OMETPUYECKHX ITOCTPOCHUM OT
IIOCTPOCHUN B BEKTOPHO — JEKAPTOBBIX KOOpAMHATax. B NeKkapTOBBIX KOOpAMHATAX
cdepa cxuMaeTcs B HyJlb MEpHYI0 TouKy. Hysib MepHast TOuka HaXOAUTCS B BEPILUHE
CBETOBOI'O KOHYCa TEOPHUU OTHOCHUTEIIBHOCTH U PEIATUBUCTCKOM MEXaHUKU
[Tyankape.

CBeTOBOI KOHYC TEOpPUHM OTHOCUTEIBHOCTH B KOMILJIEKCHBIX KOOpAMHATaX
CBOPAYMUBACTCS B & -TyHHEIb.

[lonsiTue 00 &-TyHHeNe €cTh CIEACTBHE HE TOJBKO IPaBUIBHOIO
pacmupenust TOKIT 8 TOKIIII u anredpanueckux mpeodpa3oBaHuil, HO JTOTUYECKU
00OCHOBBIBAETCA M3 TMOCTpoeHUs1 KoopauHat. Homb, xkak mokazan O. Kommwm, ecTs

BBIKOJIOTAasl TOYKa Oei‘p, rie 0<@<27. B CBSI3U C 3TUM CTAHOBHUTCS OYEBUJIHBIM
omuOka Jlekaprta, korja ObuTa BOCCTAaHOBJIEHA K IJTIOCKOCTH JIMHHUSL.

K mmockoctu Oonee KOPPEKTHO HAAO0 BOCCTAHOBUTH TaKXKE IUIOCKOCTD,
CBEpPHYTYIO B TpyOouKy. CedeHue 3To TpyOOUKH MMEET paanyC PaBHBIN Jo = 0,8
CJICJICTBUY HAJIMYHSI CHHTYJISIPHOTO apryMeHTa arktgi .

CBSI3HOCTH TPOCTPAHCTBA JE€KAPTO-BEKTOPHBIX KOOPAMHAT JIOCTABIIAETCS
uHTerpanbHbIMU Teopemamu ['puna, Crokca, [Maycca-Octporpanckoro. Teopemsl
O0BEIMHEHBI OJHOW KOHCTPYKTHBHOW WJEEH: OHM YCTaHABIMBAIOT CBSA3b MEXKIY
WHTETPAJIOM TIO TPAHHUIE KaKOro-THOO TeOMETPUYECKOro o0paza W HWHTETPAJIoM,
pacnpocTpaHEHHBIM Ha 3TOT T€OMETPUUYECKUN 00pa3. Y CTaHABIUBAETCS CBA3b MEXKIY
byHKIUSIMU P(x, y,z), Q(x, y,z),R(x, y,z), HENPEPBIBHBIMUA CO CBOWMH YAaCTHBIMH
MIPOU3BOAHBIMH B 00JIACTH M HA €€ TPAHMIIE B IPOCTPAHCTBE (x, y,z).

Takum 006pazom, JBaXKIbI UCIIOIB3YETCS HE YUCIOBOE TOJIE: B IEPBOM ClTydae
KaK HaOOp 3HAYCHUI KOOPAWHAT (x, y,z), TaK ¥ BO BTOPOM (P, Q,R).

Takum o0pa3oM, Takasi CBA3HOCTb HE COOTBETCTBYET pPEaJbHOMY
IIPOCTPaHCTBY. B ekapTOBOM MPOCTPAHCTBE HE BBIMOJIHACTCS (PBETCS) HHTETpATIbHAS
Lerno4Ka

i :g :/:fﬁ

KpHBOJ’IHHCﬁHHﬁ HUHTCIrpaJl § HMECT IMOABIHTCTPAIbHOC BBIPAKCHHUEC KaK

Y
CKaJIIPHOE MPOM3BEICHUE (P,Q,R)Ha nuddepenmman (dx,dy,dz), TO €CTh MHTETpaI
HC ABJISICTCS YHUCJIIOBBIM.
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BBEJIEHUE

Oco0yro posib UTrpaeT 3Ta Ienoyka B dleKTpoanHamuke. OQHAKO KpoMme He
YHCJIOBBIX ONEpallMii B COCTABJIEHUU HWHTErPaoOB, B JEKAPTOBOM IMPOCTPAHCTBE HET
KpUBO#l 7, Ha KOTOPYIO MOXKHO HaTSHYTh MOBEPXHOCTh S, 0€3 TOUEK MepeceueHus,

TakK 4TOOBI 3aMbIKaJICT 00BEM } , B KOTOPOM HAXOAUTCS TOJIOC, ¢ KOTOPHIM CBSI3aHO
noHsTue 3apsna. Takum obpazom, ypaBHeHUs: MakcBena, B OCHOBE KOTOPBIX U JICKHUT
3Ta IEMOoYKa HHTErPajoB, HE COOTBETCTBYIOT pCabHOMY  (DHU3HUECKOMY
MIPOCTPAHCTBY.

HOBAS KOHIETILMA 3APAIA.

OyHaaMeHTanbHBIE  CBOMCTBA  3apsga  ObITh  MOJOXKUTEIBHBIM U
OTPUILIATEIBHBIM CBA3aHO CO CBOMCTBOM PA3JIOKEHHUS WM CUHTE3A MOAIPOCTPAHCTB B
MPOCTPAHCTBO MJIK HA00OPOT.

B 3apsokeHHOM dYacTULE TNPOUCXOAUT KBAHTOBBIA CKAaYOK, BBI3BAHHBIN
M3MEHEHUEM Pa3MEPHOCTH MPOCTPAHCTBA.

B paznoxenun (7) mepBbld wWieH s STOM MTpOCTEHIed pa3zMEepHOCTH
KOMILUIEKCHOTO TMPOCTPAHCTBA OMNPENESAET BELIECTBO-AAPO YacCTHUIbI, BTOPOMl ee
3apsA10BOE TOJIE.

TlpoBeseM pacimpenue mpoctpanctsa 10 v =Re!?* /Y 57y npoussenem
BbIZICJICHHE 3aps/I0B 60JIee BHICOKOI pa3MEPHOCTH TI0 TOH e CXeMe

V= RelPTIVHkY _ Rei®TIWHY) | [ ReiPHIV Siny(\/a)e+karktg/ (9)

Takum 00pa3oMm, BTOpOE CllaraeMoe ONpeselseT HOBBI 3apsi, MO 3HAKY
TI0Ka3aTels SKCIIOHEHTHI OH MOJIOKMTeNeH. ECu He pacKphiBaTh 3apsbl B TIEPBOM 1
K09 QUIMEHTE BTOPOTO CIIAraeMoro, T0 MOYKHO OTOKIECTBHTH 3Ty KOMOWHAIHUIO C

IIPOTOHOM (IIPOTOH HE HUMEET JIENTOHHOro 3apsaa). OJHAKO €clu IMPOU3BECTH
BbIJICJIEHUE JIENTOHHOT'O 3aps/a, TO NOJYYHM MO3UTPOH

v =Re P V") 4 jRe' sin(y + 7)(\/6)e_jarktgi (10)
+kRe"? Y sin y(\/a)e’Lkark’gf +

+kRe'® siny sin y(\/a)eﬂcarktgj (Ja)e—jarktgi

BBC,Z[GM ITIOHATHBIC 0603Ha‘-IGHI/ISI, JUIA COKpaIJ_ICHI/ISI 3aIlIuCHu
EY=>v=a+be /' 4 cke+kj + dke+kje_ji (11)
Bripaxxenue (11) JTEMOHCTPHUPYET BO3MOYKHOCTb KOMILIEKCHOT'O

MIPOCTPAHCTBEHHOI'O armapara OTOXKIECTBUTh BO3MOKHBIE BapUaHThI 3apsiIOBBIX
COTPSIKEHUI MUKPOYACTHUI] M1 CAMU MUKPOUYACTHUIIBI.

ki
B nannoMm cIydac HWMECM MHUKpOUACTULY C JSJICKTPHUYUYCCKUM (kce k]),

JICTITOHHBIM (be_ﬂ) U CMELIaHHBIM 3apAIoM (kde+l‘7€_ﬂ). Sapo YacTHIEI (aeo)
MPEJICTaBISAET NCHCTBUTENHFHOE YHCIO —OTOXIECTBISIEM €ro ¢ J -KBaHTOM. OJHaKo
¥ -KBAHT MOKHO OTOXAECTBUTh U ¢ MarHUTHBIM ntotocoM 1. lupaka. B atom cimyuae

BHGMGHTapHaH qacTHula 6y;[eT 06HallaTb U MAariHuTHBIM I1IOJIOCOM H 3ap;m0M. HO 3TO B
NaJIbHEHUIIIEM.

Takyio CBSI3HOCTH NPOCTPAHCTBA MOXKHO OTOXKAECTBUT C ITO3UTPOHOM.
CoOOTBETCTBEHHO AJIEKTPOH OyIeT Mpe/ICTaBlIeH B BUJIE

E =Dv=ag+ b1e+ji + kcle_kj + kdle_kje”i (12)

(I/I3MCHCH 3HaK Yy JICOITOHHOI'O 3apsa U 3JICKTPUYCCKOI'O IO CPAaBHCHUIO C

(11).
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BBEJIEHUE

B CcOOTBETCTBMM ¢ MNPOCTPAHCTBEHHBIM IIPEICTABICHUEM 3JIEKTPOHA H
MO3UTPOHA MOXXHO IPOAHAIU3UPOBATH BO3MOXKHBIC BAPUAHTBl AHHUTWIISLIVH
MIPOCTPAHCTBA lE T+ E _J

HccnenoBanue CTPYKTypbl INPOCTPAaHCTBA IIO3BOJISIET BBIABUHYTH HOBYIO
KOHIeNuIo 3apsaa. OyHIaMeHTalbHbIe CBOWCTBA 3apsijia ObITh MOJIOKUTEIBHBIM H
OTPULATEILHBIM CBSA3aHO C IIPOLECCaMH [JEJIECHHS M CHUHTE3a INPOCTPAaHCTBA Ha
noanpoctpancTBa. Ecin yactuna obnagaer 3apsaaoM, TO & -TYHHEIU XapaKTepU3yroT
HENpPEpPBIBHOE Pa3lOXKEHHE TMPOCTPAHCTBA Oojee BBICOKOM pPa3sMEpPHOCTH Ha
NOJANPOCTPAHCTBA MEHbIIEH MO BEIUYMHE pa3MepHOCTH (M Ha 000poT).
HenpepsiBHBI ~ mpormecc 3TOM  IeHEpanuu  MOANPOCTPAHCTB U BBI3BIBACT
HaIPsDKEHHOCTD B IPOCTPAHCTBE, OKPYIKAIOLIEM YaCTHLLY.

DneKTpoAMHAMMKA HE MOMKET CUMTATbCA 3aBEPLUEHHOW, IOCKOJIBKY
B3aUMOJICHICTBME 4YacTHUIbI C €€ COOCTBEHHBIM IIOJEM HE  TpaKTyeTcs
YAOBJIETBOPUTENIbHO. B 0OBIYHON 3JIEKTPOIMHAMUKE AJIEKTPOH paccMaTpuBaercst 0e3
IIOJIFOCOB U INIPOCTPAHCTBA, B KOTOPBIX PAacCMAaTPHUBACTCA B3aUMOJEHCTBUE 3apsOB
HUKAaK HE CBSI3aHbl CO CTPYKTypoW ayieKTpoHa. Kpome TOro, TeopeMbl CBSI3HOCTH
IIPOCTPAHCTBA JIEKAPTO-BEKTOPHOI'O HE COOTBETCTBYIOT PEAILHOM NEHCTBUTEIBHOCTH.
[Tostomy ¢opmynsr (11), (12) m MeToauka WX MOJYYEHHS OIPABIBIBACTCS IPH
MOCTPOCHUHU KJIacCU(UKALMK MUKPOUYACTHUI] M pacyeTe X KBAHTOBBIX XapaKTEPUCTHK

HBIOTOH u penarusucrckas Mmexanuka [IY AHKAPE

PaccMoTpuM ~ HECKOJIBKO  COOTHOIIEHWM  MexaHuku  HbploroHa u
pensATUBUCTCKOM MexaHuKH Ilyankape.

Jlnsi 2JeKTpOHa Ha KPYroBOM opOuTe paauyca I, YCIOBHE JUHAMUYECKOIO

2 2
V e .
pPaBHOBECHS UMEET BUJ == B sTOM ypaBHEHMH BeIMYMHA B3aUMOAECHCTBUS
r r
eZ
JIBYX 3apsJIOB, OlCHMBACMAs COOTHOWICHUEM — MPUPABHUBACTCS KUHETUYECKON

r
sHepruu. TakuMmM  00pa3oM, TIIOJIEBOE  B3aWMOJICHCTBHE  pealiu3yemMoe B
MOJAMPOCTPAHCTBE, TMPUPABHUBACTCS K KUHETHYECKON JHEPruM, peaanu3yeMoi B
MPOCTPAHCTBE. DTO HE COOTBETCTBUE JOJIKHO OBITH 0OOCHOBAHO.
Bripa3zum SHEPruio B KOMILJICKCHOM BHUJE, Pa3AeiuB MPOCTPAHCTBO HA €ro
CTPYKTYPHBIEC COCTaBJISIONINE

2 (13)
2 2 . .mV=r
ez mV? e? my? Jarktgi 2
F=—+ji—= || = | — e e
r2 r r2 r
[Ipeobpazyem dhopmymy
2
2 . .mV<r
e? mV2r Jarkigi 2
F:—2 1- —| e e
r e

B3aumozeictBue — mepemaercss  4epe3 & -TyHHENIb  HU30JUPOBAHHOIO
mV2r e?
———=1,0tkyna V =4|— =aC

HaIpaBJICHUA, IIO3TOMY 5
e mr

YcnoBue npuodpeTaeT BHI
2 2 2 (14)
_€ Jarktgi _ € .. €
F——r2 («/O)e __r2+ﬂ_r2
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BBEJIEHUE

3aBUCHUMOCTD TOKa3bIBAET, YTO B3aUMOJEHCTBUE MPOUCXOIUT MO JUHUHU, HA
KOTOPOM  MPOUCXOAUT  Pa3jiOKEHWE CWIbl Ha JBE  paBHbIE, B3aUMHO
MEPIICHANKYISPHBIE U UMEIOLIME HAYAJI0 B PA3HBIX TOUYKAX OKPECTHOCTH TOYEK 3TOMU
JIMHUM MOBEPHYTHIX OTHOCUTEIBHO APYT Apyra Ha 90 rpaa. MUHbiMu clioBamMu ofHA U
Taxe cuja JEHCTBYET MO ABYM pa3HBIM HANpaBICHUSM TepeMeriasch Mo opoute
anekTtpona. Cuna xapakTepusyercs 3apsaoM ¢  Kod(PPHUIIMEHTOM BEIMYHUHBI
B3aNMMOICHCTBHS.

. mC?r
Ecmu ckopocts cranet paBHoit C, To OyaeM UMETh — = 1, oTkyna umeem
e
62
r= 5 ~BBIDAKCHHE KIIACCHUECKOrO PajIHyca dJIEKTPOHA.
mC

OpOuta 9dJNEKTpOHa BKIIOYAaeT B ceOS JBWKEHHE IO & -TYHHEIIO
B3aMIMOJICHCTBYSI B CCUCHUU PaIyca PABHOMY KJIIACCHYECKOMY PaaUyCy dJIEKTPOHA.

CornacHo 3TUM HCCIICIOBAaHUSIM TPUXOAMM K HOBOW KOHIICTIIIUU OPOHTEHI
anekTpoHa. OpOuTa AIEKTPOHA €CTh TPAHMIIA, KOTOPasi BBIACISET OOJIACTh JICICHUS
MPOCTPAHCTBA Ha MOJNpPOCTpaHcTBa. Ha rpaHmIle MPOUCXOIUT KBAaHTOBBIM CKaueK B
U3MEHEHUHM PasMEpHOCTH TMPOCTPAHCTBA. OTH HM3MEHEHUS U (UKCUPYIOT
CTEKTpaJIbHbIC JTMHUU. J[BHKEHHE TI0 TaKOW OpOWTE HE BBI3BIBACT U3IYUCHHS, TaK KaK
opbuTa PUKCUPYET U30TUPYEMOCTh CUCTEMBI CTPOTO OINPEICICHHON Pa3MEPHOCTH.

Hanee I/IMCGM;%leZ = —%Gmlmz /r

CpenHsisi KHHETHYeCKass SHEPrus MaTepuajbHOW TOYKH, COBEpILAONIAs
MPOCTPAHCTBEHHO OTPAHUYEHHOE JBW)KCHHE IMOJ JACHCTBUEM CHJI MPUTSHKEHHUS,
MONYUHSIONINXCS 3aKOHY OOpaTHBIX KBaJApaTOB, paBHA IIOJIOBHHE €€ CpeaHei
MOTEHIIUATHHON PHEPTHH ¢ OOPATHBIM 3HAKOM. .

B sTom BblpakeHuH(Kak W B MpEIbIIyIIeM ciy4yae) MPUPAaBHUBAIOTCS [IBE
BEJTMYUHBI, KOTOpbIe (DAKTHUECKH HAXOAATCS B PAa3HBIX MOANpPOCTpaHcTBax. OIHAKO
BbIpaXEHHE 5TO He ¢ukcupyer. B CBsI3u € 3THUM paccMOTPUM DJHEPrHI0 Kak
CTPYKTypHOE 00pazoBaHue
(15)

2
mymy +]l I’I’llV -G mymy

r 2 r

E=G

(MM M30JUPOBAHHOTO HAIPABIICHHUS, TMOJIPOCTPAHCTBO 3alOIHEHHOIO

V2 2Gmy
OOMEHHBIM KBaHTOM), [I03TOMY IIpUMEM G =1. Otkyna umeeM V = [ —=
9 r

m

[Tonmyuunu BeIpakeHHE [JII BTOPOM KOCMHYECKOM CKOPOCTH. ODHEPrus
npeoOpaszyercs K BULY

E= Gm1m2 (\/akjarktgi _ Gm1m2 +ji Gm1m2 (16)
r r r

TakuMm 00Opa3oM, JIBHKEHHE C KOCMHUYECKONH CKOPOCTHIO UJET MO TPAEKTOPHH,
Ha KOTOpPOM HMEEM pPaBEHCTBO TIPAaBUTALMOHHOIO B3aMMOJECHCTBUA B JIBYX
MePIEHANKYISIPHBIX TUIOCKOCTSX. B TeopeTtndeckoit ¢u3mku 310 reoqesnueckue. Ha
caMOM JIeJie 3TO TPAEKTOpHUs OTAEIISIoNIasi MPOCTPAHCTBA PA3HOW Pa3MEPHOCTH APYT

2
oT apyra. Tenepp nojaoxum V = C 1 noIy4uMm 7 = G—’;z (Pagmyc IlIBapmmmnbaa kax
C

PE3YyJIbTaT PCIICHUA JIA C(l)epI/I‘IeCKI/I —CHUMMCTPHUYHOT'O IOJIA TATOTCHUA.
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BBEJIEHUE

Jlo Hacrosimlero  BpPEMEHU  NIPOJOJDKAIOTCS  CIOPhl O  PABEHCTBE
rPaBUTALMOHHON W WHEPTHOM MACCBhl. DTO pe3yJbTaT COKpAICHHS B PABEHCTBE
Macchl 7.

mym
G12

m
:mla:>G—2:a
7’2 2

CokpallieHue BbI3BIBAET IEPEXOJ HUCCIEIOBAHUNA B IJIOCKOCTh YCKOPEHHUH,
KOTrZla a = g YCKOpPEHHE TPUPABHUBACTCS YCKOPEHHUIO CBOOOJHOTO TMaJeHUS B

rpaBUTAlHOHHOM II0JIC TsKenoit Maccel. Ilocie COKpamieHusA MacChbl 7 CTAHOBUTCSI

HEOIpeeNeHHbIM €€ BIMSHUE Ha CUIy, BbI3bIBaIOILYI0 YyckopeHue. [loatomy
HE00XO0/IMMO BBECTH B 3aBUCUMOCTb CTPYKTYPY NPOCTPAHCTBA B3aUMOIEHCTBUI

ar? (17)

2 . .
arktgi
J &g G

nynp
2

mp

Gmym .
:—12 2 + jimja=G
r r

F 1- e

GWI2
CprKTypa BSaHMO,Z[CfICTBYIOIHPIX IIPOCTPAHCTB Tpe6yeT BBIZICJICHUE
H30JIMPOBAHHOI'O HAIIPaBJICHUA, YEPE3 KOTOPOE IPOUCXOTUT BBaHMOﬂeﬁCTBHe
2

ar
[Ipumem —— =1, oTKyna cienyer a =
GI’I’I2 7

[Tpu sTom BeIpaskenue (17) mpeodpasyercs K BULY

F=G™M2 ([oljarkisl M2 i M (18)
r r r

n
2

Tena gBMXKYTCS IO F€OJE3NYECKON, XapaKTEPU3yEMON Pa3IoKEHUEM CHJIBI 10
3aKOHaM JeIUTeNel HyJIs (CBETOBOIO KOHYCA) ¢ YCKOPEHUEM, KOTOPOE OIPEEIIeTCs
Maccol TSDKENOro Teja M paccTosiHMeM A0 Hero. IIpu 3ToM cuiia 3aBUCHT OT 000uX
Macc TSDKENIOro W mpoOHoro tena. B atom Bes dunocodus OTO A. DitHmreiina,
KOTOpasi 10 HaCTOSLIETO BPEMEHHU HE BBIPA)KEHA U BBI3BIBACT JIMILHUE CIIOPBI.

Hanee. [IpyHIANIMATIBHBINA BOIIPOC O CIIOKEHUU CKOPOCTEH.

Mo Hacrosimero BpeMeHu uayt crnopsl V' +C=U, > C, KOTOpbIi pelaeTcs

JOCTaTOYHO TMPOCTO, €CJIM BHOBb YYECTh, UYTO CKOPOCTh CBETa NPUHAIJICKUT
MOATMPOCTPAHCTBY OOMEHHOTO KBaHTa M B3aMMOJICHCTBHS, a JIMHEHWHAss CKOPOCTh V
JpyromMy IpOCTPaHCTBY, IIO3TOMY

vV 2 jarktgiK (19)
U,=C+jiV =C 1—(—j e ¢

C
Hu npu kakux yciioBusix CKOPOCTb HE MOXKET OBITh BBIIIE CKOPOCTHU CBETA.
[Ipu paBencTBe V' = C uMeeM Bce Te ke, BBIIIC pa300paHHBIC YCIOBHS

jarktgi ;.
Uy, = C(\/ﬁ)emr g8 - C 1 jiC (20)
3ameuanus s npeoOpasoBanus [ammnes koopaunHatel X =x+Vt. Ecnm
cKopocTh V

Cranosurcs pasuoit C (V=C), To koopauHaTa

X 2 jarktgii (21)
X =Ct+jix=CtJl-| — | e Ct

Ct
Ecimu x = Ct, To ©MeeM Bce Te K€ BbIBOJIBI
X = Ct(\/a)ejarktgi (22)
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BBEJIEHUE

Koopaunara X ctaHOBUTCA 3apsDKEHHOM, Kak UIICWIOH TyHHeENb. KoopauHara
HE JINHEITHA.

[IpeoOpazoBanus JlopeHna 3amucaHbl MO KOOPAMHATHO: HAOOp 3HAYCHUU
KOOpAWHAT (x', y',z’,ct’)no dbopmyiam JlopeHIia mepeBoAsSTCS B HAOOp KOOPIUHAT

(x, y,z,ct). O06a wabopa He SBISIFOTCS YHUCJIOBBIMH U  CIIEJOBATEIHHO

paccMaTpuBalOTCS HE YMCIOBBIE IMPOCTPAHCTBA. B IITPHXOBOM HPOCTpaHCTBE U HE
CTPUXOBOM OCTaeTCsl MHBApUAHTHBIM MHTEpBasl MUHKOBCKOro B Buae (2). MHTepBan
COEUHSET MPOCTPAHCTBO W BPEMsS B €IUHBIM KOHTUHYYM M IOITOMY HEJb3d
paccMaTtpuBaTh OTAENBHO 3HAYEHUS KOOPIWHAT BpEMEHU M TIpocTpaHcTBa. Kpome
TOTO, €CJIM MHTEepBaJI OyIeT paccMaTpHBAThCsA 0€3 apryMmeHTta (Kak 3TO JejacTcsl B
HACTOAIIEE BpEeMsi B TEOPETUYECKOW (H3UKe, TO O3TO MPUBOAUT K OIIHUOKaM),
HarpuMep B BbipakeHnu (22) pu 3toM X = 0.

B penaruBuctckon Mexanuke llyankape sHeprus u UMIYJIBC COCTaBIIIOT
Tak)Ke HEe YMCIOBOI HAOOp AHEPTUU-UMITYJIbCA.

e mV (23)
V2
I-=3
C
E- mC22;
e
C2

E
pﬂ :(E:p]

B KOMITJIEKCHOM MPOCTPaHCTBE UMEEM

2 . .pc

E E Jjarktgi~—

pu=Lsjp=L 1{&) S
c

c E
jarktgiK
Hoxncrasum Bmecto E, p dopmyist u3 (23) monyunm p,, =mCe ¢
— E? 2 iarktei
Ecmu V' =C, 10 umeem p,, =mCe’"" 18" a raxxe Pu=y—>5-p e/ UHIg!
c

OTH ABa BBIPAXKCHUA U JAKOT IMOJTHYIO SHEPIrUi0 YaCTUIIbI

E = c\lmzc2 +p2 (24)

BripaxkeHue noiayueHO W3 paBEHCTBA MOJAYJIEH KOMIUIEKCHBIX YHWCEN, MpHU
PaBEHCTBE UX ApTYMEHTOB.

K Hacrosimiemy BpeMEHH CTajo SICHO, YTO M3MEHEHUE MAaCChl MOXKET OBITh
YUYTEHO TOJIbKO MTPU BBEJAECHUH B UCCIEAOBAHUIX MPOLIECCOB B3aUMOICUCTBUA.

Hcnonb30BaHME MHBAPUAHTOB SIBJISIETCS IOIBITKOW 3aMEHUTh HE YHMCIOBOM
MaTeMaTHYECKHI armapaT U €ro OINepalMOHHOE NPOCTPaHCTBO (HAOOp 3HAYCHUI
KOOPJMHAT) Ha YUCJIOBOE MPOCTPAHCTBEHHOE TOJIE.

DTO  mHpuUBENO K  HUCKIIOYEHUIO M3  HCCIENOBAHUM  CTPYKTYpPBI
B3aUMO/ICHCTBYIOLIUX MPOCTPAHCTB.

Knaccuueckass mexanuka Hprorona, Kynona, bopa mpencraBiseT 4ucioBoOit
Cpe3 IMpOLECCOB, MPOTEKAKOIMX TMPU  B3aUMOJICUCTBUH B  KOMILUIEKCHOM
MPOCTPAHCTBE.
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BBEJIEHUE

Marematuka mnocne O. Komm okazamach He CHOCOOHOW K CO3IaHUIO
YHCJIOBOTO  MPOCTPAHCTBEHHOTO  KOMIUIEKCHOIO  ammapara. JTOT  KpHU3HC
MIPOJIOJIKAETCS 10 HACTOSIIIIETO BPEMEHHU.

OTO, CTO wu PTII' A. JloryHoBa Takxe SBJISIOTCA KPHU3UCOM
MaTeMaTUYeCKOr0 €CTECTBO3HAHUS, KOTOPBIM MOCHEAoBal IMpU TNEpPEexXoAe OT
YHCJIOBBIX 3aKOHOB MEXAaHUKHU K HE YHCJIOBBIM OIEpaIisIM B UCCIEAOBAHUSX.
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MABA 1. PACLUMPEHUE NONA KOMMNEKCHbIX
YUACEN O.KOLLWN B NPOCTPAHCTBO. YXNCJIOBOE
NMPOCTPAHCTBEHHOE MNOIJIE.

BepmmHol  KJ1acCMUeCKOro MaTeMaTHYeCKOro aHajiu3a sBISeTCS Teopus
¢ynxuii komruiekcHoro nepemeHHoro (T®KII), ocHoBaTeneM KOTOpoHl siBisieTcs
¢paniy3ckuii matematuk O. Kommn (1789-1857t.).

Teopus monuia 70 HAIIETO BPEMEHH MOYTH 0€3 N3MEHECHHUS.

B Teopun pacmmpeHue mossi BEHIECTBEHHBIX YMCEN JOCTUTHYTO BBEICHHEM
MHHUMOH enuHHIbI [, KoTopas siBisiercss 0003HauYeHHEM KOpPHS KBaapaTHOTO u3 —l,

ONEpalMK HE BHIMOIHUMOM B UYMCIOBOM I10JIE€ BEILIECTBEHHBIX YHUCEI I = J-1.

BBenenne MHHMOW  €OUMHHULBI  SIBWJIOCH  PE3YyJbTATOM  €CTECTBEHHOTO
BHYTPEHHETO  pa3BUTUS  TEOPUM  BEHIECTBEHHBIX  uucend. CBi3b  Mexay
BEIIIECTBEHHBIMU KOOpAMHATAMU X, Y OCYIIECTBIAETCS 4epe3 MHUMYIO equHully I,
KOTOpasi SBJIETCS caMa YUCIIOM, TO €CTh IMOAYMHSCTCS 3aKOHAM OTepaIii OOBIYHBIM
3aKOHaM anreOpbl JIEHCTBUTENBHBIX unced. Toyka Ha KOMIUIEKCHON IIJIOCKOCTH
BBICTYIIAET KaK OAHO YMCIO Z. Touka Ha IIIOCKOCTH 3a4aeTCs OJJHOW MEPEMEHHOU Z,a
TOYkH X,Y Kak 3HAYEHUS KOOPJIUHAT, BJIOKEHBI B CTPYKTYPY 3TOH TOUKH.

M3BecTHO, YTO KaXKI0M TOYKM HA IJIOCKOCTH MPSIMOYTOJIBHBIX JEKAPTOBBIX
KOOpJIMHAT COOTBETCTBYeT mapa 3HaueHuWd koopauHaT (X,Y). Ha xommexcHoi
MJIOCKOCTH UMEEM OJIHY TOUKY, BBIPA’KaEMYIO YUCIOM Z.

B mpocTtpancTBe TOuka BBIpa)KaeTcsi HaOOPOM TpeX 3HAYEHUN KOOpAUHAT
(X,Y,Z) 1 TouKka HE COOTBETCTBYET YHUCIY.

OTO Ba)XXHO€ CBOMCTBO uucia ypaanoch peanuzoBaTh B TOKIIII, xoropas
SIBJIIETC BHYTPEHHUM ecTecTBeHHbIM pa3zButueM TOKII O. Komm. Peanuzauusa no
pacIIMpEeHUI0 TOJII KOMIUIEKCHBIX YHCeNl Tpou3BelaeHa Oe3 BBEIEHUS HOBBIX
JONMYUIEHUN U aKCUOM.

Marematnueckuii anmapar TOKIIII  npuHOMNMaNbHO OTIWYAETCS OT
CYIIECTBYIOIIETO B COBPEMEHHOW TEOpPETHUYEeCKOW (U3UKE  MATEeMaTUYECKOTO
amnmapara U SIBIISIETCS €CTECTBEHHBIM MpojaokeHuem u pacumpenuem TOKIT O.
Kommn.

Nrak, Anre6pa O. Komu 3aaeT TOUKy Ha TUIOCKOCTH B BHJI€ KOMIUIEKCHOTO
YHCJla, BBIPAKEHHOTO B BHJE OJHON nepeMeHHoil Z, Komiuiekc Z mnoguuHsaercs
3aKOHAM omneparuil  anreOpbl JICHCTBUTEIBHBIX YHCENl. UYHWCIOBBIE 3HAYCHUS
KOOpJMHAT O0BEMHEHBI Yepe3 MHUMYIO €IUHUILY, KOTOPasi TAKXKE SBIISICTCS YHCIIOM.

[Ipu mepexone k aexkapToBomy mpoctpaHcTBY (X,Y,Z) 3HaueHUsS KOOpPIWHAT
O0BEIMHSIOTCST 4Yepe3 0a3oBble COUHHIIBI, KOTOPhIE HE SBJISIOTCS 4uciaaMu (He
MNOTUYUHSIOTCS 3aKOHAM OIepaluii HaJl JeHCTBUTENbHBIMH 4YHCIaMH), U Habop
3HA4YCHUI KOOpAUHAT B BUJIE

(x,y,z) He ompenenser Yucno. BenencrtBue 3Toro TOYKM B MPOCTPAHCTBE HE
00pa3yroT YHUCIIOBOE MPOCTPAHCTBEHHOE Moyie. Takum 00pazoMm, MpH Mepexone K
IIPOCTPAHCTBY YTEPSIHO OCHOBHOE NPHUHIMIHUAIBHOE CBOMCTBO OIEpPAalMOHHBIX
KOOPJIMHAT KOMILUIEKCHOM TJIOCKOCTH - 3aJaBaTh YUCIOBOE IIOJIE.

Pacmmpenue nomns komriekcHbix uucen O. Komm mpoBeneHo 6e3 BBeaeHUS
JIOTIOJTHUTEIBHBIX aKCUOM M TIOJIO)KEHUH, a SIBJSETCS €CTECTBEHHBIM M BHYTPEHHUM
pa3BUTHEM TEOPHH YHCIIOBOTO MOJs. TakuMm oOpa3oM, K HACTOSIIIEMY BPEMEHH K
JIBYM YHCIIOBBIM anreOpaMm -JEeUCTBUTENBHON anredpe 4yucen W KOMIUIEKCHON B
cmbicie O. Komm — pgoGasnena anre6pa TOKIIII, kak uX ecTECTBEHHOE
pacmpocTpaHeHHe B MpOCTpaHCTBO. Jlpyrux anredp, B KOTOPBIX COOIIOIAIOTCS
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I''TABA 1. PACIHMPEHME ITOJIAA KOMIUJIEKCHBIX YHCEJI O.KOLIN B ITPOCTPAHCTBO.
YHCJIOBOE ITPOCTPAHCTBEHHOE IT1OJIE.

3aKOHBl OIEpalMil HaJl JCWCTBUTENIBHBIMU 4YHUCIaMH HeT. Pacmmpenue sBisercs
€IMHCTBEHHO BO3MOYHBIM.

BBeneHsl OCHOBHbBIE TMOHATHS TEOPHHM (DYHKIHMA MPOCTPAHCTBEHHOTO
koMriekcHoro mepemeHHoro (TOIIKII): monstne ¢yHKIMHU, €€ TPOU3BOIHOM,
uHTerpana. [lokazaHo, 4ro OOBIYHBIE ONpPEIENCHHS KIACCHUECKOT0 aHaIn3a U TEOpUU
bynkumii komruiekcHoro nepemeHHoro (T®KII) nepenocsaTcs modytu 6e3 M3MEHEHHS
B TOIIKII, HO coxmepkaHue, OCOOEHHO B KPHUTHYECKMX TOYKaX IPOCTPAHCTBA,
MEHSIETCS CYIIECTBEHHBIM 00pa3oM.

BriBeieHbl POCTpaHCTBEHHBIE YCIIOBHS AU (EpeHIUPYEeMOCTH (PYHKIUN —
aHanor ycinoBuid Komm — Pumana. MccnenoBaHa CBA3HOCTh MPOCTPAHCTBA M JlaHA
Teopema — aHaJior Teopembl Komm, kak B cilydae KpUBOJMHEWHOT'O MHTErpaja, TaK U
B CJIy4ae MOBEPXHOCTHOTO.

Ocoboe BHUMaHHE yJIEIEHO YETHIPEXMEPHOMY MPOCTPAHCTBY, COACPKALIEMY
MHO’KECTBO, 00pa30BaHHOE JCNUTENSIMH HYJA, KOTOPOE€ B IWJIMHIPUYECKUX
KOOpAMHATax 00pa3yeT KOHYC-(QUIBTP, COCTOSIIMNA W3 JUCKPETHBIX TOYEK, a B
chepruecKkux KOOpJMHATaX 3TOT KOHYC CBOPAYMBAETCS B IMJIMHAPUYECKYIO OChb C
M30JMPOBAHHBIM HAMPABIICHUEM.

Knaccuueckue ¢yHKIMM aHalIW3a OpUOOpPETalOT Ha STOM KOHYCE HOBBIE
CBOWCTBA, JOINMOJHSAIOMINE TMOHATHA ITUX (DYHKIUH, ONpeNeNeHHBIX B IUIOCKOCTH
KOMIIJIEKCHOTO MIEPEMEHHOTO.

Hana teopus psagoB Teinopa u Jlopana, mocTpoeHa TeOpHsl BBIYETOB,
MOJIy4eHa JIeMMa - aHajior jJeMMbl JKopJiaHa B MPOCTPAHCTBE M JITaHO NPUMEHEHUE
3TOH JIEeMMBI K BBIYHCIICHUIO HE TIOJIaBaBIIMXCS paHEee BHIYMCICHNUIO HECOOCTBEHHBIX
JIBOMHBIX UHTETPAJIOB.

1.1. UCCJIEqJOBAHUE BO3MOXXHOCTHU PACLUNPEHUA
KOMIJIEKCHbIX YNCEI]T O. KOLUU B TPOCTPAHCTBO.

1.1.1. 3AKOH U3BJIEHYEHNA KOPHA 13 YACTIA.
Anre6pa IIJIOCKOT'O KOMINJICKCHOT'O aHa/in3a Oonpcaciiviia 3aKOH H3BJICUCHUA
i(arga+2Kr)
KOpHS W3 uuciaa B Buae ¢Gopmynsl Ly = 1/‘0!‘6 n , TIne O ecThb

KOMIUIEKCHOE 4uciao Takoe, uto & # 0, Ha”ecu MOJlyJIb KOMIIJIEKCA, arg(l ecTh
apryMeHT komiuiekca, K ects nenoe uucino K =0,1,2,...,n—1
o 2

Paccmotpum mpocteiimee ypasuenne z- —1 =0 .Onpenennm ero kopHwu,
IyTEM OTBICKaHUS €ro KOpHEW Mo 3aJaHHOM GopMyIie, TO €CTh U3BJIeYeM KBaJpaTHBIN
KOpeHb u3 +1.

Ha miockocTM KOMIUIEKCHOTO NEPEMEHHOI0 4uciIo paBHoe +1 mMmeeT naBa
aprymenra arg arg =0 warga =27 W onpeneNneHo ABYMs TOYKAMHU: OJHA TOYKA

Ha BepxHeM Oepery paspesa miockoctr Z mo npsamoin 0 < x < oo, napyras touka Ha
HIDKHEM Oepery paspesa. M3BiieueHne KBapaTHOrO KOPHS U3 ITUX TOYEK C Pa3HbIMH
apryMeHTaMH JaeT OJIUH M TOT ke pe3ynbrar =+ |

5 l'(0+2K7Z')%
ZK :1[‘1‘8 ’ZKZOZI’ZKZI =—1

5 i(27l’+2K7[)%
ZK Z\/MQ JZK:():_I’ZKZIZI
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I''TABA 1. PACIHMPEHME ITOJIAA KOMIUJIEKCHBIX YHCEJI O.KOLIN B ITPOCTPAHCTBO.
YHCJIOBOE ITPOCTPAHCTBEHHOE IT1OJIE.

KBanpaTHoe ypaBHEHHME [UIsl IBYX pa3HbIX TOYEK MMEET JIBa OJMHAKOBBIX
KOpHs. J[Be pa3HbIe TOYKHU B IJIOCKOCTH (Z) OMPEESIOT OAHO U TOXKE uncio +1.

B nepBom ciyuae u3BiIEKaeTcs KOPEHb M3 YUCIIa KOMIUIEKCHOW IIIOCKOCTH,
Jexaieil Ha BepxHeM Oepery paspesa. Ilpu nmpubaBrneHun 27 u3BIEKaeTCs KOPEHb
U3 YKclia Ha HIDKHEM Oepery paspesa.

Bo BTOpOoM ciyyae u3BI€UYEHHE MPOUCXOJUT M3 OJHOM TOYKM —4HcIa Ha
KOMILJIEKCHOMU IMJIOCKOCTH.

bpatk Mo3TOMY apryMeHT PaBHBIN HYJIXO HE KOPPEKTHO.

[Ipy mOCTpOEHMH  KOMIUIEKCHOTO  TPOCTPAaHCTBA 3Ty  OCOOEHHOCTH
HEOOXOJUMO Yy4YWThIBaTh. PaccMOT